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Leading o’ corrections

-

® Effective action in the Einstein frame

1 4 4 14w
oG / V=9 {R — 5 (0"9) 0up + AT (1+ WY(R)] déz,

Y (R) : scalar polynomial in the Riemann tensor with
conformal weight w.
A : suitable power of o/, up to a numerical factor.

# Field equations

_4_ Y (R) 1 1 Y (R)
R 1Y )\ ed_2 (1+w)¢ ( Y R v - - _ 1Y pa — 0,
e ¥ dgrv i d—2 (R)9n d— 299 dgre
4
V2 Z ea2(1FWe y Ry = 0.
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Background black hole solution

=

Asymptotically flat, spherically symmetric metric in the
Einstein frame of the type

ds*=—f(r)dt*+ g ' (r)dr’ +r* dQ;_y;
General assumption for the o’ corrected solution:

f(r) = fo(r) (1 + ch@“)) , 9(r) = fo(r) (1 + Wﬂc@“)) :

Tangherlini solution: fo(r) =: f&(r) =1 — (RTH)d_B;

The most general form we will be considering, in order
to encode string effects:

for) = e(r) (1 - (R—H)d3> .
T -
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Scattering Theory

Classical result in EH gravity - for any spherically

=

symmetric black hole in arbitrary d, the absorption
cross—section of minimally—coupled massless scalar
fields equals the area of the black hole horizon in the
low—frequency limit (Das, Gibbons, Mathur, 1997):

O:AH:4GS.

The result is analogous for higher spin fields.

Is such result generalized with the inclusion of
higher—derivative corrections?

(Related to the o’ corrections of

a’'=0 Ar-
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A test scalar field

=

Let’s consider a massless minimally coupled test
scalar field H.

Without o' corrections, it obeys the KG equation
1
——0
=0 |

This field can be redefined and expanded as

V—99"" 9, H| = 0.

B(t,1,0) = K(r)H(E,7,0) = 3 y(t,7)¥ig_o(6).
14

Y0100 (0) : Spherical harmonics defined over S¢—2.
Yio..0(0) ~ Cﬁ (cos 6) (Gegenbauer polynomials). J

ko(r)=r"72 .
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The scalar field equation

- .

#® 7 obeys therefore a field equation of the type
O*H — F?(r) 0°H + P(r) 0,H+ Q(r) H = 0.

F(r), P(r),Q(r) are functionals of the metric and its
derivatives, namely of the functions f(r), g(r).

o For pure gravity (in the absence of o’ corrections) in d
dimensions, it IS not difficult to obtain such functionals:

F = Vg
P = —f (d—2)g+%(f’+g’)],
((l+d—-3), (g—f)f

Q = f+ -
- r? " .
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A field equation with a potential
fTaking T

1 P
k(r) = 7F exp (—/ YD) dr)
and replace 0/0r by 9/0r,, with dr, = %, the equation for
$ may be written as a wave eguation with a potential
V[f(r),g(r)]:
02® 9% F? FF” P P2 PF'
57 om (AT

4 2 5> Tare T F )‘PEV[f(r),g(r)]cp.

For solutions with f(r) = g(r), a potential analogous to
V' [f(r),g(r)] has been obtained in d dimensions (Cardoso,
Lemos (2002)).

o -
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The field equation close to the horizon

-

# Close to the horizon, an incoming regular scalar field

=

can only depend on ¢t and r through their nonsingular
combination, the incoming Eddington—Finkelstein

coordinate v =t + r, : Yt

horizon

# Also, an outgoing regular scalar field can only depend

on ¢t and r through their nonsingular combination, the

outgoing Eddington—Finkelstein coordinate u =t — r, :

a,}—[out
ov

horizon

Combining the two possible solutions, -2 5 e = 0.

H ‘ horizon

This statement is independent of the action: it always

gives us close to the horizon a second order field

equation for the massless scalar (Paulos (2010)). J
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The A—corrected scalar field equation
B o

# At infinity, curvature corrections vanish and we also
have a second order field equation for the massless
scalar.

# This way H still obeys
OPH — F2(r) 0°H + P(r) O, H + Q(r) H = 0.

F(r), P(r),Q(r) are functionals of the metric and its
derivatives with explicit A corrections:

F=Fy+MF,P=Py+\P,Q = Qo+ \Q,

which give a A—corrected potential. Also
H=Hy+ \Hq, ]f(?“) = :ZC()(?“) -+ )\]{1(7“).

o -
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Example of a \—corrected potential

- .

# Atorder A = 0, the potential in d—dimensons found by
Cardoso and Lemos is the same that governs tensor
type metric perturbations (Ishibashi, Kodama (2003)).
That does not need to be the case in the presence of )
corrections.

# We get for the tensor perturbations

Fo= %E(Ha"’u_g,),
4r

P = —f{(d—Q)ng%(f’Jrg’)
+ 4% (4(d— 4)9(1; 9) +rg’ (f—4g') — 499" +2(d — 2)gf’)}
T T

- v | (2 ) s - 017, -
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The string-corrected tensor potential

-

Vilf(r), g(r)]

+ + 4+ o+

+ + + +

1672 fg
Ar’fg(g — f)f" + 16rfg*f +4r(d—6)f?gf’
4(d—2)rf2gg’ +4(d — 4)(d — 2) f*¢°]

CV/

32rd fg
39672 (' — g) — 217 (f — o) — 2% faf (£ ) o
2r8 fg? (=3ff" +29'f" + fg") —ar® f2gf (f" —g")

2r® f2gg’' (f" — g"') — 43 f24° (f(3) -~ 9(3))

1872 fg° f'? — 12r2 f2gf'* — 10r® f2gg"? — 2r° fg° o’
2r2(4d — 13)f2gf'g’ + 82 f2g* f" + 8(d — 5)r* f2g%g"
ar(d—4)°f2g*(f +9') +8rf?g% (g — f)

(320(6+d —3)f?(1 — g)g + 16£(d + £ — 3) f2gf'r

8(d—4)rf2g(f' +9' —4g9") +16(d —5)(d - 4) f*g*(1 — g)] .

=

((166(+d—3)f2g+r2f2f? +3r2g°f? —2r° f(f + 9)f'd’

-
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Scattering of scalars by black holes
f’ We work in the low-frequency regime, Ryw < 1. T

# This allows us to use the technique of matching
solutions near the event horizon to solutions at
asymptotic infinity (Unruh (1976); Moura, Schiappa
(2006); Halmark, Natario, Schiappa (2007)).

# Only contribution to the cross section at low frequency:
s—wave, with ¢ = 0. This way we only consider Hy =: H.

# Solutions of the form H(r,t) = e“'H(r).

o -
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Near-horizon solution (1)

- .

# The potential V[f(r), g(r)] vanishes.
# The master equation reduces to a simple free—field

equation
2
(;‘7{3 + w2) (k(r)H(r)) =0

whose solutions are purely incoming plane—waves in
the tortoise coordinate:

H(T*) = Anearewr*-

o -
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Near-horizon solution (I1)
v

ery close to the event horizon, r ~ Ry, one has

- 1 _ A fe(r) +ge(r) r
r«(r) = /fo(T) <1 R%{” 5 > d

~. Ry LA fe(Br) +9c(Rn) log(T—RH
o (d —3)c(Rg) R%? 2 H

=

)+O(T—RH)

and then

N . Rpw A fe(Ru)+ g9:.(Ru) 5 r— Ry
Hir) = Anear <1+7’<d—3>c<RH> (1 B2y 2 >lg( R ))

o -
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o

Asymptotic infinity solution (I)

We consider asymptotically flat black holes. T
At asymptotic infinity, again V' [f(r), g(r)] vanishes.

The master equation reduces to a free—field equation
whose solutions are incoming or outgoing plane—waves
In the tortoise coordinate.

In the original radial coordinate,

H(T) = (Tw)(g_d)/Q [A J(d_g)/Q (TW) + B N(d—S)/Q (Tw)} :

-
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Asymptotic infinity solution (I
- o

# At low—frequencies, with rw < 1, such solution
becomes

1 27T (452)

2

H(T) ~ Aasymp Q%F (ﬂ) —|-Basymp - (rw)d_g +0 (TW).
2

W

# In order to compute the absorption cross—section, one
now needs to relate Anear, Aasymp aNd Basymp-

o -
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Intermediate region solution (I)
- o

® V(r)> w? rw < 1 (low—frequency constraint),
FHUL > (Rpw)?.

® To order zero in ),

{_fod% (‘deii) L ((d 21(:12 Yfo ;)fo)] (koto) = 0.

where, for any f(r),
ko(r) = %exp (f (d2r2 + ff) dr) — 7

# This equation may be written as

- <rd2 fo(r)%Ho(r)> — 0
. -
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Intermediate region solution (I1)

- .

# The equation for Hy(r) can be written as:

-y Qo

o Equation for Hy(r):

Py (o

/!
H1 F2 H1 F2

—5H1 = R(r),

Fi

2
= (L) mr —H

(1

F2 Ho.

# This is a non-homogeneous version of the (linear)

L equation for Hy(r). J
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Intermediate region solution (l1)

-

# General solution for Hy(r) :

dr
HO(T) — Ai?\ter T Bi?\ter/ Td_Qf()(?“).

# General solution for Hy(r) (and for H(r)):

dr

Hi(r) = Al (r) + Bl (r) /

(variation of constants ).
# Two independent solutions for Hy(r)

dr
7ad—2f0(7a) )

N ha(r) = 1, ho(r) :/

Absorption of scalars bvd—dimensional stri

rd=2 fo(r)

=

-
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Intermediate region solution (V)

- .

® The wronskian matrix Is

Wir) = —

# A particular solution given by

HY™ (r) = v1(r)hy(r) + va(r)ha(r),

with

orr) | _ / rReYW o) | | dr




Intermediate region solution (V)
|7 part T

# The most general solution: add to 47" (r) the most
general solution to the homogeneous eqguation,
Including the contributions Hy, Hy as H = Hy + \H; :

dr
rd=2 fo(r)

# It can be shown that the function HP"(r) is well defined,
namely the indefinite integrals

+ AHP (),

H(T) — Ainter + Binter/

() = — / R()r2 fo (rha (1) d
va(r) = /R(T)Td_2f0(7“)d?“.

o -
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Intermediate region solution (VI)

- .

# The function H""(r) has been explicitly checked to be
finite and subleading when compared to Hy(r).

® Near the horizon,

# At asymptotic infinity, one finds

Binter 1

H(T) ~ Ainter — J— 3,43

o -
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Calculation of the fluxes

-

# Matching coefficients:

d—3

d—3 d—1 d—3
AaS = 22T T Ainter:2 2 I T Anear,

B mw? 3 B
as = T - inter
275 (d—3)r (42)
im (Rgw)®™? AN fe(Ri)+ gc(Rm)
—— 1— 7o 2 Anear-
27—F(%;) H

# Near the black hole horizon the flux per unit area is

1 dH dH T

near 27;( (7+) dr (7+) drs

) = w|Anear|® .

# At infinity, the flux per unit area is

1 dH dHt 2 6 g oo
Jas = — | HY(r)=— — H(7) ) = Zp279,374 | A3s Bas| .
21 dr dr T

-
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The absorption cross—section

=

® General formula:

o — J 472 JasympdQa—» _ zwg_d‘AasympBasymp‘ 0
Jnear T [Anear|? d—2-

® [n our case,

o — A (1 A fe(RE)+ gc(RH)> |

R 2

# o Is still given in terms of information at the horizon;
# s itrelated to the o/—corrected black hole entropy?

o -
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Thermodynamics: temperature

- .

#® Wick-rotate to Euclidean time ¢ = ¢7; the resulting
manifold has no conical singularities as long as 7 is a
periodic variable, with a period 8 = #.

# Smoothness condition: 27 = lim,_ g, f( )dfflr(”, or
g 2(r

T = lim \/§d\/7

r—Ryg 27T d?“ .

® In our case,

T fo(Rm) <1+ A fe(Ru) "‘QC(RH)).
4 R%? 2

L The o' correction to 7' is the same we obtained to o, butJ
with opposite sign.
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°

Thermodynamics: entropy

=

Wald entropy: S = —27G [y, 5725—¢,poV'h d ;
Etr = 53
For Y(R) = R’LWPURMV,Oa;

4 /
3G glmeter” = (—L 4 eﬂ¢%f”) 4;

At order A =0, R = £ f"" = — 232 (d—3)(d—2), ¢ =0,
f=g=fo;
One gets S = (1 + (d — 3)(d — 2)4R2 )

o/—corrections increase S for every value of d.

This Is a general result for solutions which are
o/—corrections to the Tangherlini black hole. J
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The Callan-Myers-Perry black hole
-

® FOr Y(R) = RMPTR e

# The only free parameter is the horizon radius Ry
(secondary hair), which is not changed;

d—3

® folr)=fF(r) =1~ (%)

® Julr) = gelr) = FEMP(r) = —L=NE (B )T 1‘2; e

® o/—corrected cross section:

B (d—1)d—4) o

#® One finds o # 4GS.

-
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Some questions

- .

# Cornalba et. al. (2006) found out that o = 4G S, to all
orders in o/, for fundamental strings in the (small) black
hole phase (BPS states of heterotic strings

compactified on S x T°).

#® Recently, Kuperstein/Murthy (2010) also found such
agreement, to first order in o/, for 1/4 BPS N =4
supersymmetric black holes in d = 4, 5.

# Open questions: does that result only hold for
supersymmetric black holes? What could be the
minimal amount of supersymmetry for it to eventually
hold? Does it hold for generic dimensions?

o -
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Things to do
B

Take the near—extremal limit and apply the formula for
supersymmetric black holes;

Verify the agreement with the shear viscosity obtained
by the "pole method" (Paulos (2010)).

Maybe derive a general solution for d—dimensional
spherically symmetric «/—corrected black holes to all
orders?

See you next meeting!

-
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