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Mo5va5on	  
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•  Black	  hole	  perturba5on	  theory	  
–  Massive	  vector	  fields	  less	  well	  understood	  
	  	  	  	  [Gal’tsov,	  Pomerantseva	  &	  Chizhov	  (1984);	  Konoplya	  (2006);	  Konoplya,	  

Zhidenko	  &	  Molina	  (2007);	  Herdeiro,	  Sampaio	  &	  Wang	  (2011)]	  

–  Challenging	  problem	  (separability,	  coupled	  dof)	  

–  Rich	  perturba5on	  spectrum	  

•  Par5cle	  Phenomenology	  
–  Light	  U(1)’s	  in	  string	  theory	  [e.g.	  Jaeckel	  &	  Ringwald	  (2010)]	  
	  	  	  	  	  (RR-‐,	  NS-‐forms,	  D-‐branes	  w/	  hyperweak	  couplings)	  

–  Kerr	  superradiance	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Non-‐separable	  equa5ons!	  
–  Schwarzschild	  case	  simpler	  and	  useful	  guide	  
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Proca	  field	  on	  the	  
Schwarzschild	  space5me	  



Massive	  vector	  field	  equa5ons	  
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•  Schwarzschild	  space5me	  

•  Proca	  equa5ons	  

–  Lorenz	  condi5on:	  

–  Field	  equa5ons	  (Ricci-‐flat):	  



Separa5on	  of	  variables	  
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•  Vector	  spherical	  harmonics	  [see	  e.g.	  Barack	  &	  Lousto	  (2005)]	  



Separa5on	  of	  variables	  
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Using	  the	  Lorenz	  condi5on:	  

where	  

even-‐parity	  

odd-‐parity	  



Electromagne5c	  limit	  
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•  Monopole	  [Konoplya	  (2006)]	  

•  Odd-‐parity	  modes	  [Price	  (1972)]	  

where	  

No	  monopole	  
radia5on	  



Electromagne5c	  limit	  
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•  Even-‐parity	  modes	  

Scalar	  solu5on	   Vector	  solu5on	  

(same	  for	  odd-‐parity	  modes)	  (unphysical	  gauge	  mode)	  
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Numerical	  methods	  



Frequency	  spectra	  
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•  Frequency-‐domain	  representa5on:	  

–  ‘Ingoing’	  boundary	  condi5ons:	  

–  Asympto5c	  solu5on:	  

(quasi-‐)	  
bound	  states	  

quasi-‐normal	  
modes	  



Con5nued-‐frac5on	  
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•  Ansatz:	  [Leaver	  (1985),	  see	  also	  Dolan	  (2007)]	  

•  Three-‐term	  recurrence	  rela5ons:	  

(monopole	  and	  odd-‐parity	  modes)	  



Con5nued-‐frac5on	  
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•  Even-‐parity	  modes	  

•  Matrix	  con5nued	  frac5on	  [Simmendinger	  et	  al.	  (1999)]	  

–  “Polariza5on”:	  



Forward-‐integra5on	  (bound	  states)	  
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•  “Ingoing”	  ansatz:	  

–  Bound	  state	  solu5ons	  converge	  exponen5ally	  
–  Integrate	  eqs.	  up	  to	  large	  distance	  and	  minimize	  in	  complex	  

frequency-‐plane	  

–  For	  even-‐parity	  modes,	  choose	  basis	  of	  coefficients	  and	  
integrate:	  

–  Bound	  states	  minimize	  
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Results	  



Quasi-‐normal	  modes	  
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Bound	  states:	  frequency	  spectrum	  
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[Gal’tsov, Pomerantseva & Chizhov (1984)] 



Bound	  states:	  polariza5on	  
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Bound	  states:	  comparison	  with	  other	  spins	  

18	  l=1,	  n=0	  modes	  
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Analy5cal	  results	  
(small	  mass	  coupling)	  



Odd-‐parity	  modes	  
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•  Near	  region:	  

•  Far	  region:	  



Odd-‐parity	  modes	  
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•  Matching	  for	  bound-‐states:	  

•  Matching	  for	  QN	  modes:	  

–  Bad	  approxima5on	  for	  QN	  modes	  
[see	  also	  Panchapakesan	  &	  Majumdar	  (1987)]	  

–  Correct	  mass	  dependence	  



Even-‐parity	  modes	  
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•  Diagonaliza5on	  in	  far	  region:	  

•  No	  decoupling	  in	  near	  region...	  



Even-‐parity	  modes	  
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•  Diagonaliza5on	  in	  far	  region:	  

•  No	  decoupling	  in	  near	  region...	  



Even-‐parity	  modes	  
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What	  can	  we	  conclude?	  

•  	  Hydrogenic	  spectrum	  for	  bound	  states	  from	  far	  region	  
solu5ons	  

•  	  Asympto5c	  solu5ons	  are	  linear	  combina5ons	  of	  ‘scalar’	  and	  
‘vector’	  solu5ons	  for	  QN	  modes	  

•  	  ‘scalar-‐vector’	  mixing	  in	  far	  region	  yields	  non-‐trivial	  spin-‐
dependence	  for	  imaginary	  bound	  state	  frequency:	  



Summary	  and	  future	  prospects	  
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•  	  Proca	  fields	  have	  a	  rich	  spectrum	  of	  perturba5ons	  

•  	  Decoupling	  of	  odd-‐	  and	  even-‐parity	  modes	  

•  	  Broken	  degeneracy	  for	  ‘vector’	  QN	  modes	  +	  physical	  ‘scalar’	  mode	  

•  	  Hydrogen-‐like	  bound	  states	  with	  spin-‐dependent	  decay	  rates	  

•  	  Larger	  decay	  rates	  for	  S=-‐1,0	  modes	  than	  for	  scalar	  fields	  

•  	  Larger	  superradiant	  instabili5es	  in	  Kerr	  space5mes?	  

•  	  Encouraging	  preliminary	  results	  for	  slowly-‐rota5ng	  BH	  

•  	  Interes5ng	  phenomenology	  for	  light	  string	  U(1)	  fields!	  

?	  


