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Motivation

* Black hole perturbation theory

— Massive vector fields less well understood

[Gal’tsov, Pomerantseva & Chizhov (1984); Konoplya (2006); Konoplya,
Zhidenko & Molina (2007); Herdeiro, Sampaio & Wang (2011)]

— Challenging problem (separability, coupled dof)

— Rich perturbation spectrum

e Particle Phenomenology

— Light U(1)’s in string theory [e.g. Jaeckel & Ringwald (2010)]
(RR-, NS-forms, D-branes w/ hyperweak couplings)

— Kerr superradiance ‘ Non-separable equations!

— Schwarzschild case simpler and useful guide






e Schwarzschild spacetime

ds® = —f(r)dt* + f~tdr* 4 r? (alH2 + sin? 9d¢2) , f(ry=1-=2M/r

* Proca equations
F'uy;,u = IUQAV ; Fi = AV;M - AM;V

— Lorenz condition:
Afiu =0

— Field equations (Ricci-flat):

AV, 2AY =0



* Vector spherical harmonics [see e.g. Barack & Lousto (2005)]
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Using the Lorenz condition:

. 2f ( 3)
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Dyugyy = 0 Jo oderperty

where

Dy =

s SRS o (+1
__8t2+8r3_f[ r2 —I—,u]



¢ Monopo € [Konoplya (2006)]

9?2  0? 2(r — 3) 5
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0? 0? 2f | . q .o No monopole
o2 + or2 r3] ) = Ay =X+ ;5u radiation
e Odd-parity modes [Price (1972)]
152 (7’2q51) =0
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* Even-parity modes

1 N, s=1 —1A~!,5=0
mDRW [f 1DRW (T“(3))] =0
e 92 92 (+1) 2(1—s?
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(unphysical gauge mode) (same for odd-parity modes)






* Frequency-domain representation:

ul(?)‘(t, r) = ul(’g (w,r)e !

—IWT 4

— ‘Ingoing’ boundary conditions: u)(w,r) ~ ¢

— Asymptotic solution:

uy(w, ) ~ Bay(w)e™ 1™ + Oy (w)et™
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* Ansatz: [Leaver (1985), see also Dolan (2007)]

u(w,r) = f72r e Y alD[f(r]" v=P )

 Three-term recurrence relations:

apar + Boag = 0
QpQpt1 + Brnan +Ynapn—1 = 0, n>0
Qp—17n . OnYn+1
,Bn o 6 . An—27Yn—1 T 5 . On41Yn+2
n—1 Bn—2—0pn_3Yn—2/... n+1 Brnt+2—CQnt2Vn4+3/-..

(monopole and odd-parity modes) "



* Even-parity modes

ayUi+5,U; = 0, U at?)
a,Upnt1+5 Up+9 Uy = 0, n>0 " al®
 Matrix continued fraction [Simmendinger et al. (1999)]
1
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— “Polarization”:

P = lim U (@r) Za(?’)/ Zam

T« —200 U(Q) w T 12



Forward-integration (bound states)

* “Ingoing” ansatz:
Uy (w,m) = (1 — re )2 Z biyn(r — )"
n=0
— Bound state solutions converge exponentially

— Integrate eqgs. up to large distance and minimize in complex
frequency-plane

— For even-parity modes, choose basis of coefficients and

integrate: (1,0) (0,1)
S(w.1) = (u@ @) g <w>>

1,0 0,1
U 3) )<Wa7“) Ug) )(Wﬂ“)

— Bound states minimize

det |S(w,r — +00)|
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Quasinormal mode spectrum of Proca field on Schwarzschild spacetime
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Energy levels of bound states of Proca field on Schwarzschild spacetime
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Re (w/p) ~ 1 — 5
[Gal'tsov, Pomerantseva & Chizhov (1984)]

Power-law index 1 in decay rate Im(w/u) « -(Muw)" : Numerical data
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Im(P)

Polarization for Bound States of Even-Parity Field
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Ground state energy levels for massive fields of spin = 0, 1/2 and 1
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(2% (x +1)%0; + 2(z +1)0, + V(2)|uy =0 r=r/2M —1

V(z) =4w?(z + D* —4pPz(x +1)° — 11+ Da(x + 1)

* Nearregion: ur,wr<I
uiy” = Az ™ (z + DO Ry (=1 — 21w + 6,1 + 1 — 2iw + 6, 1 — 4diw, —z)

0 =+1— 4w?

* Farregion: z>1

u{f)’” — ¢ #/2 [0(4)zl+1M(l +1—-v,204+2,2)+ D(4)z_lM(—l — v, =2, z)]
z = 4qx
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Matching for bound-states: w ~ u(l 1T n)Q)

AL AHS (9 41 ) (L+ 1)1 — 1)! o
~ 1+ 21 —1—4s
0w (T = e R OO TR ST FA ) g(k iw)

o M atc h i n g fo r QN m O d e S : IDecay ralte of oddl-parity I=T bound sltate

1e-06 r T

1 = i(4q)2l+1(l—|—1)!(l—1)!((2”!(2[;_'_1)!)

1e-09 |

l % ;
x (1 + 2iw) H(k2 — 1 — 4iw) E el
k=1 te-11 |
— Bad approximation for QN modes 16_13:' | |
[see also Panchapakesan & Majumdar (1987)] B

— Correct mass dependence y



(2% (x +1)%07 + 2(z + 1)0, + V(2)|u@) — (22 — 1) (u@) —u@)) = 0

(2% (z 4+ 1)%02 + 2(x + 1)0, + V() Ju@) + 2V°z(z 4+ Dupy = 0
e Diagonalization in far region:
U(2,3)(2) = Z 0?2,3)U(S)(Z)
S==+1
u{g; = e #2[Ci)Z M +1—v,25 +2,2) + Dgy2 M(—j — v, —2j,2)]

* No decoupling in near region...

[a:z(x +1)?0% + z(x+ 1)0, + V(a:)]w = 4p°x(x + L)us)
[:132(:13 + 1207 4x(x 4+ 1)(22 + 1)8x—|—V(:c)]u(3) = 2z(x + 1)%¢
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(2% (x +1)%07 + 2(z + 1)0, + V(2)|u@) — (22 — 1) (u@) —u@)) = 0

(2% (z 4+ 1)%02 + 2(x + 1)0, + V() Ju@) + 2V°z(z 4+ Dupy = 0
e Diagonalization in far region:
U(2,3)(2) = Z 0?2,3)U(S)(Z)
S==+1
u{g; = e #2[Ci)Z M +1—v,25 +2,2) + Dgy2 M(—j — v, —2j,2)]

* No decoupling in near region...

w2z + 1202 + a(z + 1)0, + V(2)|v =®:(x T Dug) .
[2%(z + 1)202+x(x + 1) (22 + 1)0, +V ()] uz) = 22(x + 1)%¢
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Even-parity modes

What can we conclude?

* Hydrogenic spectrum for bound states from far region

solutions 2
w>~pll—— , 7=1x1
”( 2(]+1—‘rn)2) J

 Asymptotic solutions are linear combinations of ‘scalar’ and
‘vector’ solutions for QN modes

e ‘scalar-vector’ mixing in far region yields non-trivial spin-
dependence for imaginary bound state frequency:

Im (w/p) ~ (Mp)" n=4+25+5
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Summary and future prospects

Proca fields have a rich spectrum of perturbations

Decoupling of odd- and even-parity modes

Broken degeneracy for ‘vector’ QN modes + physical ‘scalar’ mode
Hydrogen-like bound states with spin-dependent decay rates

Larger decay rates for S=-1,0 modes than for scalar fields

=

Larger superradiant instabilities in Kerr spacetimes?
Encouraging preliminary results for slowly-rotating BH

Interesting phenomenology for light string U(1) fields!
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