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1 General properties of Lie Groups and Lie Algebras

Let us start by recalling the mathematical properties of a group:

DEFINITION: A group G is a set with a map G x G — G known as group multiplication satisfying the following

properties:
e Associativity:  (g.h).l=g.(hl), Vgnica,
e Identity: decg eg=9, Vyeq .

o Inverse: Vyeq Jgcc gg=99 =c.

In particle physics we are mostly interested in representations of a group, which define the concrete realization of group
transformations. A group representation R is a map that associates to each group element a linear transformation

acting on a particular (real or complex) vector space, V:
R: G—GLV). (1)

The dimension of the representation corresponds to the dimension of the associated vector space. A representation is
reducible if and only if there is a subspace U C V left invariant by group transformations, i.e. R(g)u € U for all u € U
and g € G. It is otherwise called irreducible and these are the representations that will mostly interest us in particle
physics applications.

A Lie Group is a continuous group, i.e. in which all elements ¢ € G depend continuously on a continuous set of

parameters

g=g(a), a={as}t,a=1,..,N. (2)

We can assume, without loss of generality, that the identity element corresponds to the origin in the space of parameters:

e=g(a) fa=0 , (3)
such that for any representation of the group:
R(a) |a=o=1T. (4)

In a neighbourhood of the identity element, we may then expand R («) in a Taylor series:
R(da) =1+ iX,dag + ... , (5)

where we consider Einstein’s summation rule that repeated indices should be summed over. In the above expression we

have defined:
1o}

Oay,

and used the notation da, to denote an infinitesimal change in the {«,} parameters, thus obtaining a representation of a

X, =—1

D () |a=o (6)

group element arbitrarily close to the identity.
The {X,} vectors are known as group generators. We include a factor ¢ in their definition such that, for unitary
representations, R (o) R (a) =1, the group generators are hermitian operators X! = X, as we will see below.

Group multiplication then allows us to obtain any other finite element of the group by multiplying (5) by an infinitesimal



transformation an arbitrary number of times:

k

. ¢

R(a) = lim <H + z“) = exp (iagX,) , (7)
k— o0 k

where da, = limy_, o 92. This defines the exponential map or exponencial parametrization of the group elements.

We may thus write the group elements in terms of its generators, at least in a neighbourhood of the identity. For a

Xae—iaaX

unitary representation, e*®« = I, which implies X, = X as anticipated. As opposed to the group elements, the

generators form a linear vector space and any linear combination of the generators is itself a group generator.

Let us consider a one-parameter family of group elements given by:
U (N = exp (iAagX,) - (8)

In this case, group multiplication is quite simple and yields:

UM)U(N2) = exp(idagXa)exp (idsa, X,)
= exp(i(M + A2) agXy) (9)
U+ o).

However, for group elements that are generated by different linear combinations of the generators this is not so simple,

since in general:

exp (i0g Xq) exp (i8p Xp) # exp (i (og + Fp) Xa) - (10)

Since any group element admits a parametrization in terms of the exponential map, we must have that:
exp (i, X)) exp (iBpXp) = exp (16, X4) , (11)

for some set of parameters {d,}, a = 1,..., N. Continuity and differentiability of the group elements then allows us to find

the {d,} parameters by expanding both sides of Eq. (11) in a Taylor series. We first note that:

10,Xe = In[l+exp(ia,Xa)exp(ifpXp) —1]=ln(1+ K) | (12)
and that, for small K,
K2
ln(1+K):Kf7+... (13)

Thus, expanding up to to quadratic order in the «, and §, parameters:

K = exp (iaaXa) exXp (ZﬁbXb) -1

(1 it X — 2 (aaXa)? + .. ) (1 By Xy — % (BoX)? + .. ) 1

2

1 1
= i0aXa +iBaXa — 0aXafpXp — 5 (e Xa)? — 5 (BaXa)?+ ... (14)

Hence, we have that:
‘ . . 1 2 1 2,1 2
10, X0 = id0qXa+ ZBaXa - aaXaﬁbXb - 5 (aaXa) - 5 (BaXa) + 5 (aaXa + ﬁaXa) +
1 1
= 1 (aa + ﬂa) Xo — o XafpXp + §OéaXaﬁbXb + gﬁbXbaaXa + ...

- % [aaXa; BbXb] +o, (15)

{ (aa + 5a> Xa



where we have taken into account that the generators are linear operators that do not, in general, commute with each
other. We thus find that:

[aaXav BbXb] =—2 (66 - Qe — /BC) Xe+... =ty Xc+. .. (16)

Since this must hold for any choice of parameters, we conclude that:

Ve = fabcaaﬁb (17)
and that, hence,
[Xavxb] = ifachc ) (18)
where the constants satisfy:
fabc = *fbaca (19)
since the commutator is antisymmetric, [4, B] = —[B, A]. These are known as the group’s structure constants and

define the Lie algebra of the the group G, £L(G), i.e. the set of generators with the closed commutation properties above.
The commutator (18) defines the fundamental properties of the Lie algebra and thus plays a similar role to the group

multiplication. We thus conclude that:

1
511:04@"‘6@_57@"'--- (20)

which implies:

exp (icg Xo) exp (iBp Xp) = exp <7, (g + Ba) Xa — } [ Xa, BoXp] + .. ) ) (21)

2

which is known as the Baker-Campbell-Hausdorff (BCH) relation. The higher-order terms that we have discarded
above correspond to commutators of commutators, e.g. [ag X, [@cX¢, BpX3]] and are thus determined by the structure
constants. Hence, the Lie algebra (18) is sufficient to completely define the group multiplication in a finite neighbourhood
of the identity.

The structure constants are an intrinsic property of the Lie algebra and are independent of its representation, being
determined solely by the group multiplication rule and by continuity. Each representation of the group then defines a
representation of the associated Lie algebra. A useful property to note is that the structure constants are real if there is

a unitary group representation.

DEM: Since in a unitary group representation the generators are hermitian operators we have, on the one hand, that:
[Xavxb” = _if;chg = _if;chC g
and, on the other hand, that:

[Xo, Xol' = (XaXp)" = (Ko Xp)!
= XpXo — XoXp
= —[Xa X
= —ifapeXe-

so that fope = fip. @-E.D.

The group generators satisfy the Jacobi identity:

[Xaa [Xba XCH + [Xba [XC,XG«H + [Xca [Xa,XbH =0. (22)



This can be shown in a straightforward way by expanding all the commutators, so we leave it as an exercise.
The structure constants themselves can be used to define an important representation of the Lie algebra known as the

adjoint representation. This can be done by defining the N x N matrices

[Talpe = —ifabe (23)

the commutator of which is given by:

To, Tp) g (ToTy — TyT,) 4
= (Ta)ce (Tb)ed - (Tb)ce (Ta)ed

- _facefbed + fbcefacd . (24)

From the Jacobi identity we have that:

[Xm [vaXc]] = [Xa7ifbchd]
= ifped [Xa, Xd]
*fbcdfadeXe 5 (25)

and so

(focdfade + feadfode + favafede) Xe = 0 Vx, er(a
= fbcdfade + fcadfbde + fabdfcde = 0. (26)

If we now interchange the indices d and e, we obtain:

_facefbed + fbcefaed = _fabefced ) (27)

from which we conclude that:

[Ta7 Tb} ed T _fabe fced
= fabefecd
Z.fabe (Te)cd 3

which can be written as:
[Tcu Tb] = Z’fabcT‘c 3 (28)

such that the T, matrices satisfy the commutation relation of the Lie algebra in Eq. (18). The dimension of the adjoint
representation corresponds to the number of independent generators, i.e. to the number of (real) parameters required
to specify a group element. Note that the generators are pure imaginary matrices in the adjoint representation if the
structure constants are real.

A more formal way of defining the adjoint representation is given by the map:

ad : L(G) = M(L(G))
ad (X) (V) = [X,Y] , X,Y €L(G). (29)



We may write this in components by choosing a basis of generators for the Lie algebra {T,}, a =1,...,N:

ad (Ta) (Tb) = [Taa Tb] = ifabcTc
= a’d (Ta)cb = ifabc = - [Ta]bc = [Ta]cb 3

in agreement with the definition above. Note that we have used that f,pc = — facp as we will show explicitly below.

The adjoint representation of the Lie algebra naturally induces a representation of the group, also known as the adjoint

representation of the group:

Ad: G - GL(L(G))
Ad(g) Ty =gTag™", g€ G, T,€L(G).

(30)

We can easily check that these two representations are related through the exponential map. Writing a group element as

g = exp (ia,Ty,), we have that:

Ad(g) (Ta) = exp(iapTy) Ty exp (—iapTy)
= (+iopTy+..)Ta (1 —icapTh+...)
= To+iog [Ty, Tl + ...
= T,+iopad (Ty) (Ty) + - -

= exp (imad (Tp) (Ta)) - (31)
Let us now introduce a series of definitions and theorems that can be used to classify different Lie algebras.
DEFINITION: A sub-algebra A C £(G) is a linear space such that:
VX,YEA [X, Y] eA. (32)
We can highlight the following special cases of sub-algebras:
e A sub-algebra is abelian if:
vX,YGAv [Xa Y] = 0 ) (33)
and the same applies naturally to the full Lie algebra £(G).
e A sub-algebra is an ideal if:
VXGAVZeﬁ(G) [X, Z] eA s (34)

and a proper ideal if, in addition, A # £ (G), {0} .

DEFINITION: A Lie algebra is simple if it does not contain any proper ideals and semi-simple if it does not contain

abelian ideals except {0}.




THEOREM: A Lie algebra is semi-simple if and only if:
L=L1B...®LN (35)

where £;, 1 =1,..., N, are simple algebras.

A rigorous proof of this theorem is out of the scope of these lectures, but let us consider a generic example that
illustrates these general definitions and properties. Consider the product of two groups G = G x G2, where the Lie

algebras £(G1) and L(G2) are simple, i.e. have no proper ideals as defined above. We can write a generic element of G in

0
g={" €eG,
0 g2
for g; € G;, i = 1,2, such that the elements of the Lie algebra, i.e. the generators, can be written as:
T, 0
T=|"" eL(@) .
0 Ty

Let us then consider the sub-algebra £(G1) with elements of the form:
T T 0
0 0
Then, we have for the commutator between a generic element of £(G) and an element of this sub-algebra:
0 7 0 7 0\ [Ty O
T o= ) SN I O '
0 1T 0 0 0 0 0 T
I MAVAR T, 0
B 0 0 0 0
(17 0
~\o o)

where Ty = [T1,T]] € L(G1). Hence, the elements of the sub-algebra £(G1) constitute a proper ideal and £(G) cannot
be simple. It is easy to see, by a similar reasoning, that the elements of £(G2) also form a proper ideal, and that there
are no other ideals since £(G1) and £(G2) are simple algebras. Thus, the full Lie algebra £(G) = L(G1) ® L(G2) will be

semi-simple if these ideals are not abelian.

the matrix form:

DEFINITION: The Killing form or Killing metric associated with a Lie algebra £ (G) is a symmetric bilinear map:
' L(G)xL(G) — R

defined by:
N'X,Y)=Tr[ad (X)-ad(Y)], X, YeL(G). (36)

This defines an inner product within the Lie algebra in the adjoint representation. Considering a basis of generators



{T.} for the Lie algebra we obtain for the Killing metric components:

D (1o, Ty) = Tr [ToTh] = (Ta) oq (Tv) 4o = (=i faca) (—ifoac)
- _facdfbdc . (37)

Yab

THEOREM: A Lie algebra is semi-simple if the Killing form is non-degenerate:
F(X,Y) = 0 vXeE(G) = Y=0,

or equivalently that det(vy) # 0.

DEM: Let us suppose that I' is non-degenerate and that A C £ (G) is an abelian ideal. We can then choose a basis
{T,,T,} for the Lie algebra where T, generate the elements in .4 and T, correspond to the remaining generators of L (G).
Then, for X € £(G) and Y € A we have:

ad (X) -ad (Y) (To) = [X, [V, To]] =0,
since [Y,T,] = 0. Also:

ad (X) - ad (Y) (To) = (X, [V, Tull = ) auT (38)

since [V, T,] € A and so [X,[Y,T,]] € A as well. We thus conclude that the Killing metric has the form:

I'(X,Y) Tr[ad (X) - ad (V)]

0 =*
0 0

Since by assumption I' is non-degenerate, we must have Y = 0, and so there cannot exist any non-trivial abelian ideals

= Tr

= 0.

and the algebra is semi-simple. The proof in the opposite direction follow an analogous reasoning. Q.F.D.

THEOREM: If £ (G) is a compact Lie algebra, i.e. if the underlying Lie group is compact, being defined in term of a

compact manifold of parameters, then the Killing form is positive semi-definite:
r (Xv X) > 07 vXE,C(G) ) (39)

and if the algebra is simple, we have:
I'(X,X) >0, Vxeg - (40)

Although we will not prove this theorem in this course, we can use it to show an important result that we have
anticipated above. If the Killing form is positive definite, then we can choose an orthonormal basis for the Lie algebra
such that:

L(To, Ty) = ba (41)

which just means that we may diagonalize the Killing metric and choose an appropriate normalization for the generators.



In this basis, the structure constants are completely antisymmetric.

DEM:
([T, T, Ty) + T (To, [To, Tb])) = Tr[(ToT, — TT.) Ty) + Tr [T, (T.T, — TyT,)]
= T[TT.T)] — Tr [T.T.T)] + Tr [T.T.T)] — Tr [T, T, T,]
= 0’

using the cyclic property of the trace. Thus,

U (ifeaaTa, Tp) + T (Ta,ifevaTs) = ifeaaTr [TaTy) + ifepaTr [T Ta) = ifeaadap + i febadad = feab + fera =0, (42)

so that feqp = — fepa- Since by the definition the structure constants are antisymmetric in the first two indices, this implies

that they must be completely antisymmetric. Q.E.D.

THEOREM: For a semi-simple Lie algebra the (quadratic) Casimir operator:

O =911, (43)
where v = 7 ! commutes with all the generators:
[C,Th] =0 Yrec) - (44)
DEM:
[C,T) = AV [LT;,T

= T[T, 1)+~ [T, T Ty
= iVYITifjimTon + i fiumTn T
= iV T T + i fijimTon T
= i fjim (T T + T )

= ifjimY? (LT + T T3)

- 0,

since fjim is antisymmetric while VI (T Ty + TnT;) is symmetric under the interchange of the indices j and m, noting
that the Killing metric is symmetric. Q.E.D.

An important result in the theory of group representations is Schur’s Lemma, which can be cast in the following form:

SCHUR’S LEMMA: For an irreducible representation R of a group G over a complex vector space V, if there exists a

linear transformation P € GL(V) that commutes with the action of all group elements:
[P,R(g)] =0 ngG ) (45)

then this operator must be proportional to the identity, P = Al for some complex constant A.




DEM: Consider the space of eigenvectors of the operator P with eigenvalue A:
Eig(A) ={veV: Pv=)Jv} . (46)

This must be a non-empty set for some A since det(P — AlI) = 0 has at least one solution in C. Then, for v € Eig(\) we
have that:
P (R(g)v) = R(g)(Pv) = AR(g)v , (47)

which implies that R(g)v € Eig()), i.e. that the eigenspace is left invariant by the action of the group. Since, by assumption,
the representation is irreducible, than Eig(A) = V, which implies that P = Al. Q.E.D.

It is easy to see that Schur’s Lemma applies to the irreducible representations of both a Lie group and its Lie algebra.
This then leads us to the conclusion that, in any irreducible representation r of £L(G), the Casimir operator is proportional
to the identity:

C =C(r) Liim(r) > (48)

where C (r) is a number that is characteristic of the representation. In the orthonormal basis where ~;; = d;; (for a simple

and compact Lie algebra), we have:

C = 5ijTi(7")Tj(r) _ Z (Ti(r))2 -C (7") Hdim(r) ) (49)

%

We may also consider the quadratic operator:

for the Lie algebra generators in a given representation r. The commutator of this operator with a generator in the adjoint

representation is then given by:

([TZM])]k (Ti>jz My — Mj (Ti)lk

= —ifi T [le’ T;ﬂ 4 fuTr [ij? T}’“)}

- o] ) e k]

- _Ty [Ti(T)Tj(T)T,ET) —TOTO T 4 TOTOT - Tj”T,ﬁ”T}”}

= 0, (51)

using the cyclic property of the trace. Schur’s Lemma than implies that

M = C (r) Liim(aq) - (52)
The two Casimir constants C () and C (r) are thus related via:

Try (C) = C(r)dim(r)
= ZTr (TZ»(T))2

= Tr(r) (M)

= (C(r)dim(ad) , (53)

10



such that dim (1)
C(r)= MC’(T) . (54)

We note, as an aside, that the Casimir operators play a very important role in particle physics, since they characterize
the irreducible representations in which each type of field transforms under symmetry operations associated with particular

Lie groups, as we will discuss in more detail later on.

1.1 Example: the Lie group SU (2)

To better understand the general concepts and definitions introduced in this section, let us look in detail into a particular
example, that of the group of 2 x 2 unitary matrices with unit determinant, denoted as SU(2). This will also serve as a
warm up exercise to the more detailed study of SU(N) representations and applications to particle physics that we will

do later on. The group is formally defined as
SU(2)={U e GL(C?) : U'U =1, det(U) =1} .

For a generic matrix in this group:

The unitarity condition yields for the matrix components:

i a2+ [b]*  ac* + bd* 10 ac* +bd* = 0 0= d*
vul = ) o | = = &
ca® +db*  |c|* + |d 0 1 a*c+bd= 0 b= —c*

This implies that a generic 2 x 2 unitary matrix can be written in the form:
!
U= b ,
_6* O[*

det (U) =|a)* +|8)*=1.

and the unit determinant condition yields:

The SU(2) group can thus be defined by:

SU<2>—{<_°;* f) afec, |a|2+|ﬁ2—1},

such that each element of the group is specified by two complex numbers subject to a single real condition, thus having
three independent degrees of freedom.

To determine the associated Lie algebra, we consider infinitesimal group transformations (arbitrarily close to the
identity), U = 1+ 4T + ... to obtain that:

vut=1+iT+..) 10—t +..)=1 = T=T1".

11



and also that:
det (U) =det (I4+iT +....)=1+:Te(T) =1 = Tr(T)=0.

Recall that for a generic matrix with eigenvalues \;, det (A) = [[; A; and Tr(A) = " A\, If A ~ 14+ X + ... then
Xi =1+¢ +..., where ¢; are the arbitrarily small eigenvalues of X, such that det (A) =[[[(1+€&)=14+>,6+... =
1+ Tr(X), which we used above.

These results then imply that the Lie algebra of SU(2) is given by:

L(SU((2)={TeM(C*): T=T" T (T)=0} . (55)
A generic matrix in the SU(2) Lie algebra may then be written in the form:
r_(® b _ a* 7
c d b*  d*

which, along with the condition Tr(T') = a + d = 0, leads us to the conclusion that the diagonal entries must be real with
a = —d, while the non-diagonal entries are complex conjugate, leaving only three real degrees of freedom, in agreement to
what we found above for the group elements.

The basis of matrices for the SU(2) algebra is conventionally chosen to be given in terms of the three Pauli matrices,

Ti:Ui/2,i:1,2,3Z
0 1 0 —i 1 0 (56)
o1 = , 09 = , o3 = .
Tl oo i oo o 41

It is easy to check that these matrices satisfy:
[0i,0;] = 2i€; k0% , {04,0;} = 20;; , 0,0 = 0;j + €10k , (57)
where the anti-commutator {4, B} = AB + BA. This thus implies that
(T, T;] = i€;jiTh , (58)

such that the SU(2) structure constants are fi;i = €;;5 in terms of the totally antisymmetric Levi-Civita tensor. In this

basis we also have that
1 1 ) 1
Tr (TZTJ) = ETI‘ (O'iO'j) = Z [(5ijTr (I[) + zeijkTr (O'k)] = 55” .

We note that it is possible to choose the normalization of the generators such that Tr (7;7;) = 6;; but the above is the

most conventionally used normalization. The Killing metric for the SU(2) algebra is given by:

Yij = —€iki€jik = 20ij ,

12



as can be checked explicitly for the different components:

Y11 =  —E€1kl€lkE = — (61236132 + 61326123) =2
Vo2 = —€pi€ar = — (€213€231 + €231€213) = 2
Y33 = —€3p€ar = — (€312€321 + €321€312) = 2
Y12 = —€pear =0

Y13 = —€1pez =0

Yoz = —€apr€egir =0 .

This yields det (y) = 8 # 0, so that the algebra is semi-simple. In fact, the SU(2) algebra is simple since there are no
proper ideals, as can be inferred from the commutation relations satisfied by the Pauli matrices.

The Pauli matrices define the fundamental representation of the SU(2) algebra, also known as the spin-1/2
representation. This representation acts on 2-dimensional vectors known as SU(2) doublets.

The adjoint representation (or spin-1 representation) is given by:
d ; .
(Ti(a )> = —ifije = —i€g
jk

with generators:

0 0 0 00 -1 0
e =ifo o 1|, T=-iloo o], TY=-i|-10 0]. (59)
0 -1 0 10 0 0

Another important representation is the complex conjugate representation:

*

R*(U)=U"=¢e"",

where T = izj ajoj. We can use that o] = —020,09, as can be explicitly checked:
020102 = 09 (l€12303) = €123 (i€231) 01 = —071 ,
020202 = 02,
090302 = 09 (i€32101) = €321 (i€213) 03 = —03 ,

to show that:

ooloy = 4 (—alal + a0 — 0430'3)
= —i (@107 + @205 + aso;)

= T".
This then implies that:

R (U) = 72702 = T3

13



Now note that, for generic matrices A and B:
(ABA~Y)"

-1
QABAT _ Z ’
n!

n

and that
(ABA™")" = (ABA™) (ABA™") ... (ABA™") = AB"A™" |

so that we have:

“1 B"
ABA™Y _ —1_ 4.B -1
e A(g n!)A = Ae” A7 .

n

Using this result, we may write the complex conjugate representation in the form:
R*(U) = ogeloy! =0aR(U)oy " .

Hence, the fundamental and complex conjugate representations are not really independent and, in fact, are said to be

equivalent. The fundamental representation is then said to be pseudo-real.

1.2 Cartan-Weyl basis

To define the Cartan-Weyl basis, which is extremely useful in determining and classifying representations of Lie groups
and associated algebras, we will consider semi-simple Lie algebras with generators {T;},i =1, ..., N. Let us take a linear

combination of the generators:
H=dT, € L, (60)

where we use the Killing metric v;; and its inverse ~% to lower and raise indices, such that the Einstein summation
convention requires repeated upper and lower indices to be summed over. Note that in the previous calculations we
worked with lower indices exclusively, which is consistent in the Lie algebra basis where the Killing metric is the identity.
However, as we will see in the Cartan-Weyl basis this does not hold and we must use this more correct version of the
summation convention.

With the linear combination of generators above, we can study the eigenvalue problem:
ad (H) (T) = [H,T) = pT . (61)
This can be written in components on the given basis as:

[Ty, Tj] = pT; & a'f,; T = pT}
& (ai ijk - p5jk) T, =0

= det (ai ijk—péjk> =0,

where the structure constants are now defined as:

k
[ﬂvTj] = fij T .

14



CARTAN’S THEOREM

Choosing the linear combination H with the largest possible number of eigenvalues p:

1. The eigenvalue p = 0 can be degenerate with multiplicity ! = rank(L£) and the corresponding eigenspace is generated
by {H;},i=1,...,1, such that

[H;,H;]=0. (62)

2. All the non-vanishing eigenvalues p # 0 are non-degenerate.

The proof of Cartan’s Theorem is out of the scope of this course, but we can study its implications. First, we can

immediately conclude that:

[H7HL] = 0,
[H,E,] = aFE,, a#0. (63)

Now, since [H, H] = 0, we must have H = A*H,. In addition, the Jacobi identity implies that:

[H,[H;, Ea]] = —[Hi,[Ea, H]] - [Eq, [H, Hi]]
= O‘[HiaEa} )

which means that [H;, E,] is an eigenvector of H with eigenvalue o # 0 which, by Cartan’s Theorem, is non-degenerate.

Hence:
[Hi,Ea] = OziEa . (64)

Therefore, we have that:
[H,E,] = X' [H;, Ey] = N'oyE, = aE, (65)
from which we infer the relation o = Aa;. We may then write the structure constants in the form:
[Hi,Eol = fia"Es = f.a° =6’ . (66)
We may further consider the Jacobi identity for the generators H, E, and Eg:

(H,[Ea, Eg]] + [Eg, [H, Eu]] + [Ea, [Eg, H]] = 0
[Hv [EavEBH +a [EB7EQ] - B [EOHEB] =0
(H,[Ea, Eg]] = (a+ B) [Ea, Eg] , (67)

such that [E,, Eg] is an eigenvector of H with eigenvalue a + 8. This leads to two possible commutation relations:

[Ea,EB] :NQBEoH,ﬁ s a+B8#0 (68)
[EonE—oz] :fafaiHi Oé+620
This yields the structure constants:
fagv = aﬁ5a+,8‘y' (69)
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Having found the form of the structure constants in the basis {H;, F,}, we may compute the components of the Killing

metric in this basis:

Yia = — iﬁ’y a»yﬂ
= —0;05 Nondy "
= —aiNa55a+ﬁB

=0, (70)

since @ # 0, or also since Nqg is anti-symmetric and +ﬁ6 is symmetric under the exchange of the indices a and S.

Similarly, we obtain:

YaB = 7‘](‘(17#‘]('6”7
= _Na75a+wﬂN5u5
_NavNﬂaJrv(s

Rl
B+u

B+a+vv : (71)

This implies that y,5 # 0 if and only if & 4+ 8 = 0. We may then choose to normalize the F, generators such v, _o = 1.

Finally, we have:

Yij = *fmﬁf]ﬁa
= —azéaﬂa]5,8a

= —aiajéao‘

= —Zaiaj . (72)

This result allows to derive the remaining structure constants:

faca' = Y fa-aj
= ’Yijfja—a
= ¥ jaﬂ’%@*a
= 'Yijfj “
= 1y

= a'. (73)

Let us summarize the above results. Cartan’s Theorem allows us to find a basis for a semi-simple Lie algebra {H;, E, },

it =1,...,1 =rank (L), known as the Cartan-Weyl basis, with the following commutation relations:

[Hi,H;] = 0
[HiyEa} = aiEa
[EavEﬁ} = NaﬁEaJrﬁv a+ﬁ7é0
[E.,E_,] = o'H;, (74)

The abelian sub-algebra spanned by {H;} is known as Cartan’s sub-algebra. The vectors o = (c;),_; , are denoted

.....
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as the root vectors. In this basis the Killing metric takes the form:

Vi o= Y
[e%

Yoo —a = 1

In the Cartan-Weyl basis, we can find an SU(2) sub-algebra. To see this, let us start by choosing H = a;H; for a

given root vector a.. The subset of generators {H, E,, E_,} for each root vector « then satisfies the closed algebra:

[H7 ECY} = ai [HiaEOl] = aiaiEa
[H,E_,] = % [H;, E_,] = —ate, E_,
[Ea,E_o] = o'H;j=H. (76)

To see that this is an SU(2) algebra, note that defining 04 = 07 & ioe and using the commutation relations for the Pauli

matrices, we have:

[o1,03] = Jo1,03] £i[o2,0.] = —03tioy £i(o1 £ios) = tioy

[04,0-] = |o1+i02,01 —ios] —ilo1,00] + i]0o2,01] = —2io3 , (77)

which has the same form as Eq. (76) identifying H <> o3 and Ei, <> 0+.
Let us now consider a representation r of the Lie algebra on a vector space V. Let us choose a basis {|\)} for V such
that:

H7 D) = NN, (78)

where we note that since all H; generators in the Cartan sub-algebra commute they have a common eigenspace. The
I-dimensional vectors A = (A1, Ag,..., \;) are then designated as weight vectors of a given representation. Now, note
that:

Hi (Ea|X)) EoHi|A) + [Hi, Eo]|A)
)\iEa|)‘> +aiEa|)\>

= (N + ) (EalN) (79)

such that E,|\) is an eigenvector of H; with eigenvalue A; + «, i.e. with weight vector A + o. We thus see that the F,,
generators act as raising and lowering operators in a given representation and can be used to find all the weights in the
representation.

For the adjoint representation, where the vector space V coincides with the Lie algebra itself, we have:

ad(H;)(H;) = [H;,H;]=0,
ad(Hl)(EOé) = [HiaEOé] =a;Fq, . (80)

This means that the eigenstates corresponding to the generators H; have null weights, while for the eigenstates E, the
weights coincide with the roots of the Lie algebra.

For tensor representations of the group R(g) = R1(g) X Ra(g) and associated representations of the Lie algebra, we
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have:

HYN) =xN B ) = wln) | (81)
such that
H(N @lw) = (HPW) el + N e (B|)
= i+m)N® ), (52)

such that the weights of tensor representations correspond to the sum of the weights of the individual representations.

1.3 Example: the Cartan-Weyl basis for SU(2)

To illustrate the advantages of using the Cartan-Weyl basis, let us return to our SU(2) example, which is a rank 1
Lie algebra, i.e. there is only one generator in the Cartan sub-algebra. Recalling that the basis of generators in the
fundamental representation is T; = 0;/2 , i = 1,2,3, we can take H = T3 corresponding to the diagonal generator and
define Fy = (Ty +iT%)/2, such that:

(H,B:] = +Bs, (B B]= H. (83)

Thus, the SU(2) algebra has roots ey = +1. For a given SU(2) representation we label the states in the associated vector

space basis as |j, m), where m denotes the weights of the representation:
Hlj,m) = ml|j,m) (84)

and the spin j = max(m) is the highest weight in the representation, which is then denoted as a spin-j representation.
For the fundamental representation, the eigenvalues of H = 03/2 are £1/2, so that the fundamental representation is the
spin-1/2 representation as mentioned earlier. The adjoint representation has three weights, m = 0,41 as can be inferred
explicitly from the form of the adjoint generators in Eq. (59), thus corresponding to the spin-1 representation.

For a generic spin-j representation, we can obtain all the states in the basis using the raising and lowering operators
FE.. It is conventional to use instead the raising and lowering operators J+ = 2F 1, and from our discussion in the previous

sub-section we must have:
Jo|jym) = Nwmlj,m =1) . Jiljym—1) = Nulj,m) , (85)
with constants NV, that we wish to determine. On the one hand, we have that:
(Goml T Ljym) = ||T-|g,m)||* = [Now (G, m = 1]5,m = 1) = [Non|* , (86)

assuming that the states are normalized. On the other hand, we also have that:

<jvm“]+‘]—|jam> = <J7m|[‘]+v‘]—]|jvm>+<]7m|‘]—‘]+‘]7m>
= <]7m|2H|]7m>+|Nm+1|2
= 2m+ [Ny . (87)
This then yields the recurrence relation:
[Nin|? = 2m + [N |7 (88)
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with boundary condition N;;; = 0 since by definition j is the highest weight and J|j,j) = 0. It is easy to verify that

the solution is then:

N =Vj(G+1) —m(m—1), (89)
such that
Jilim) = Vi(G+1) —mm+1)]jm+1),
J_ljm) = Vi(G+1) —m(m—1)[jm—1). (90)

In particular, J_|j, —j) = 0, such that the weights in each spin-j representation are m = —j,—j +1,...,5 — 1, 4, being a
(2j + 1)-dimensional representation.

For each spin-j representation, the Casimir operator is then given by:
1 1 1 1

=-N"T2_CH24y g T 42T J. . 1

C 2% D= g eIt s (91)

As we have seen, Schur’s Lemma implies that this is proportional to the identity, and to obtain the proportionality constant

we can take the trace of the Casimir operator in a given representation:

, 1 1 1 )
Tr;(C) = Z(]»m| <2H2 + 1J+Jf + 4JJ+> |j,m)

= %Zm“iz\/j(j+1)—m(m—1)<j,m|J+lj,m—1>+iz¢j(j+1)—m(m+1)<j,m|J,|j,m+1>
= %Zm%iZ(x/j(jH)—m(m—1))2+32(\/j(j+1)—m(m+1))2
= %Zj(jﬂ)

= LG+, (92)

and since the trace of the (25 + 1) x (25 + 1) identity matrix is (25 + 1), we conclude that the Casimir of a spin-j

representation is:

) =5i(G+1) (93)

We thus see that the SU(2) representations correspond to the familiar spin (angular-momentum) states, with the Casimir
operator C' = J?/2.
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2 Lorentz and Poincaré groups

The first groups that we will study in detail are the most fundamental groups in relativistic particle physics - the Lorentz
group and its extension known as the Poincaré group. We will start by looking at the Lorentz group in detail and then

explore its extension to include space-time translations.

2.1 Lorentz group

The Lorentz group is the group of space-time transformations that preserve the relativistic space-time distance, corre-
sponding to coordinate changes between two inertial frames (moving at constant velocity with respect to each other). We

can formally define it as:
L=0(3,1)={A € GL(R*) : ATnA = n} (94)
where the 4-dimensional Minkowski metric is given by:
n = diag(—1,+1,+1,+1) . (95)

The Lorentz group transformations are at the heart of the theory of Special Relativity, such that coordinate changes of

the form:

ot — 't = A Y (96)
preserve the infinitesimal line element:

ds? = Nudatdz” (97)

where we recall that u = 0 corresponds to the time coordinate and p =i = 1,2, 3 correspond to the spatial coordinates.

The invariance of the line element follows trivially from the group definition:
ds? = nuuda’tda’ = A da® N gda® = (AT) 0 A gda®da’® = nepda®da’ = ds® . (98)
In components, the Lorentz group matrices satisfy:
NN oA g = Nap (99)

and include the well-known boosts and (spatial) rotations.

Examples:

e Boost along the x direction:

¥y =By 00
— 0 0
A=B, = By v 7 (100)
0 0 1 0
0 0 0 1

where f =wv/c and v =1/4/1 — 32, with v denoting the boost velocity and ¢ the speed of light in vacuum. Writing

20



£ = tanh ¢, it is easy to see that the boost matrix can be written in the form:

cosh¢p —sinh¢ 0

B, — —sinh¢ cosh¢ O
0 0 1

0

0 0

_ o O O

such that a boost can be seen as a “hyperbolic rotation” (or rotation by an imaginary angle).

e Rotation about the z axis:

0 0
cosf —sinf
sinf  cosf

0 0

o O O
= O O O

Generic spatial rotations form the O(3) matrix group:

0(3) = {o € GLRY):0 = <1 0) , RsRY :113} €0(3,1)
0 Ry

where R3 are 3 x 3 orthogonal matrices.

The Lorentz group includes four distinct components. To see this, note that:
det(ATnA) = (det A)? det(n) = det(n) = det A = £1 .
In addition, we have that for « = 8 =0 in Eq. (99)
M A g A = —(A%)? + Z(Aio)2 =m0 = —1,
such that

(A00)2 =1 +Z(Ai0)2 >1 = AOO >1 Vv AOO <-1.

We may thus split the Lorentz group into the sub-groups:

Ll = {AeL:detA=+1,A%>1}
LY = {A€L:detA=+1,A%<1}
LT = {AeL:detA=-1,A%>1}
L¥ = {AeL:detA=-1,A% <1} .

(101)

(102)

(103)

(104)

(105)

(106)

(107)

These four sub-groups are disconnected from each other, since one cannot continuously change the sign of the determinant

or of the A%, component. It is also conventional to define the proper Lorentz group as:

71 4
Ly=rlurL:
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and the orthocronous Lorentz group as:
L'=rtur! . (109)

For this reason, the Ll sub-group is also known as the proper orthocronous Lorentz group, which includes the
elements continuously related to the identity I, as the boosts and rotations mentioned above.

The parity and time-reserval transformations are also part of the Lorentz group, such that:

P = diag(+1,-1,—-1,-1) e LT |
T = diag(—1,4+1,+1,+1) e L’ ,
PT = diag(-1,-1,-1,-1) € L} . (110)

Along with the identity matrix, these elements form an abelian sub-group of L, Ly = {l4, P,T, PT}. Any element of the
Lorentz group can be written as a unique product of an element of Ly and an element of Ll, as illustrated in the diagram

below.

PT
T R {
Ll LY

. T

Lt Lt

2.1.1 Relation with SL(2,C)

DEFINITION: The group SL(2,C) of complex 2 X 2 matrices with unit determinant is defined as:

SL(2,C) = {M € M(C?) :det(M) =1} . (111)

Let us define 0, = (I3, 0;), where 0;, i = 1,2, 3, are the Pauli matrices. We may then define a map:

T R* = {SeM(C?):5 =5}
20+ 23 ozl —ix?
o 112
(@) = oo, <5L‘1 +iz? 20— x3> (112)
We can use this map to define a map between SL(2,C) and the Lorentz group:
A SL(2,C) — GL(R")
=AMz =71 (Mr(x)M) , (113)
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i.e. 7(2') = M'r(z)M. In components:
o' = g MM z" = Mz®a, M . (114)

To show that the matrices A(M) defined through this map belong to the proper orthocronous Lorentz group, let us first
note that:

e nr = nuata” = —(2°)% + Z(mzf = —det(a"0,) = —det(r(z)) . (115)

Thus,
2'Tna’ = — det(r(2')) = — det(o, A" 2") = —det(M o 2" M) = —| det(M)|* det(o,2") = 270z | (116)

so that A(M) preserves space-time distances and hence A(M) € L. Noting that the map is continuous and that A(£ly) =

I4, since:
o't = o, AMxL)H 2¥ = 2%, (117)

for M = £l € SL(2,C), we conclude that only the elements of L continuously connected to the identity can be obtained
through this map, i.e. that A(M) € Ll. We thus say that SL(2,C) is the double-cover of the proper orthocronous Lorentz
group:

Ll = SL(2,C)/Z, , (118)

where the Zy group factor identifies the elements continuously connected to +Iy and —Is in SL(2,C), since these yield
the same element of Ll.

Let us now consider the Lie algebra of SL(2,C), which can be obtained by considering infinitesimal transformations:
det(M) =det(lo+T+...)=1+Tr(T) =1 = Tr(T) =0, (119)
which implies the following definition for the Lie algebra:

L(SL(2,C)) = {T e M(C?:Tx(T)=0}
= span{J;, K;};_ 4 (120)

where the six generators of the Lie algebra are defined by:
J; = —;Ui , K,=—-0; (121)
and satisfy the following commutation relations:
(i, J;] = €ijidr (K, K] = —€ijiJi i, K] = € K (122)

which follow trivially from the commutators of the Pauli matrices. Note that the tracelessness condition corresponds to a
complex constraint on the 4 complex components of the Lie algebra matrices, leading to 3 complex degrees of freedom or
equivalently 6 real degrees of freedom, which yields the dimension of the SL(2,C) Lie algebra.

We may proceed in a similar fashion to determine the Lie algebra of the (proper orthocronous) Lorentz group, which

via the map defined above should coincide the one of SL(2,C). For an infinitesimal Lorentz transformation A = I, + T
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we then have:

ATpA = Lo+ D)+ T) = n+TTn+nT =1, (123)
such that
l:(LI_) = {T e MR :T = —nTTT]} . (124)
In components, we have:
T = -t (TT) P, = —n““ngl,Tﬂa . (125)

In particular, this yields the conditions:

% = -1%=0,
Toi _ i07
T = -1’

(126)

so that the symmetric TOZ- sector has 3 independent components and the anti-symmetric TZJ sector has also 3 independent

components. The dimension of the Lorentz and SL(2,C) algebras thus coincides and we can define the Lorentz group

generators:
- 1 .
Ji = g€ijkok . Ki=00i, (127)
where
(0) 5 =1 o — 1 Mo (128)

can be shown to satisfy the commutation relation:

[0, 0apl = Musova + Nuadsy + Mpap + Mvadus - (129)

The generators J; are associated with spatial rotations and span the anti-symmetric components T ij, while the K; genera-
tors are associated with boosts and span the symmetric components 7. One can also use the above commutator to show

that these satisfy the same commutation relations as their unhatted SL(2,C) counterparts, which we leave as an exercise.

2.1.2 Representations of the Lorentz group

Using the generators of either SL(2,C) or LL we may define:

1
JF = B (Ji £iK;) (130)
such that it is easy to show that:

5 T =edis . [ J7]=0. (131)
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This defines two independent, i.e. commuting, SU(2) algebras. Therefore, the irreducible representations of Ll and

SL(2,C) correspond to the pairs of representations (j,j_), where j1+ denotes the spin of each SU(2) representation.

EXAMPLES

e Left-handed Weyl spinors (1/2,0):
In this representation, J;” = —io;/2 and J; = 0, corresponding to J; = —io;/2 and K; = —0;/2, which is the

fundamental representation of SL(2,C) as we have seen above. Using the map between SL(2,C) and the Lorentz

group, we can write Lorentz transformations in this representation as:
Ap(M) = em2'Fithoi g yic R (132)
and the vector space in this representation corresponds to 2-component left-handed spinors transforming as:
Y (z) = Ap(M)yr(x) . (133)

¢ Right-handed Weyl spinors (0,1/2):

In this representation, J;" = 0 and J;” = —io;/2, corresponding to J; = —io;/2 and K; = 0;/2. We can then write

Lorentz transformations in this representation as:
Ap(M) = e3'—itho  gi 4ic R (134)
and the vector space in this representation corresponds to 2-component right-handed spinors transforming as:
Yr(x) = Ar(M)Ygr(x) . (135)
Note that:
AL(M)* = es(=s'+itol _ —g(=s'+it')or0ior _ Uzeé(si—iti)ai%—l _ JQAR(M)U£1 (136)

*

such that the complex conjugate left-handed Weyl representation Ap(M)* is equivalent to the right-handed Weyl

representation. We then say that a right-handed spinor transforms in the complex conjugate representation of
SL(2,C). Similarly, we have that:

(AL(JW)_I)T = (e%(si“ti)‘”)T = 3" it)T = A B (M) (137)

such that AL = Az (M)~! and the right-handed representation gives the contragredient representation of Az (M).

e Dirac spinors (1/2,0) & (0,1/2):

In this composite representation Lorentz transformations correspond to 4 x 4 matrices:

~ [AL(M) 0
Ap(M) = ( 0 AR(M)> : (138)
acting on four-component Dirac spinors:
Yp(z) = Ap(M)¢p(z) . (139)

Dirac spinors thus include both a left-handed and a right-handed component.
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e Vectors (1/2,1/2):

This coincides with the fundamental representation of the Lorentz group, with:
Ay (M) = s Kittde - gigi e R (140)
denoting 4-dimensional matrices acting on 4-vectors:
At () = Ay (M)*  AY (z) , (141)
for which a particular case is A* = x*. It is common to denote the left- and right-handed spinor indices in the form:

Vra — Ap(M) py
Vra — Ap(M)S Yp; . (142)

The vectorial representation thus carries both a left-handed and a right-handed index, and can be equivalently

expressed in spinor form as:
Agis = 0ty Au() (143)

Note that since Ay, (M) = M and Agr(M) = M* (up to the equivalency established above), a Lorentz vector in spinor

form transforms as:

Aas = M) P Ay = MO (M) b0t Ay = (Mo, M) os A* = (0,)aahy (M)", A” (144)

using the map between the SL(2,C) and Lorentz groups, so we see that the vector transformation defined above is

equivalent to the spinor transformation laws.
e Tensors: (%,%) ® (l l)

The tensor product of two vector representations of the Lorentz group can be obtained from the tensor product of
spin-1/2 representations of SU(2):

LIV (11 (1 11 1
2792 2792 o 272272
&

0@ (1, e (0, 1)e(1,0), (145)

where the first two terms correspond to the symmetric part of the tensor product and the last two terms correspond
to the anti-symmetric part. The latter, in particular, corresponds to an anti-symmetric Lorentz tensor with two

vector indices:
F,=-F,. (146)
We may define the dual tensor:

Fyu = *e;prFpU s (147)
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from which we may define:
+ _ 1 -
=~ (FW + FW) , (148)

such that F,,, = Flj',j + F,,. It is easy to check that Fljty = iFlﬁ. We thus obtain a decomposition of the anti-
symmetric tensor in terms of a self-dual and an anti-self dual component. Taking into account that under a

Lorentz transformation:
Fuy = AN Fyy Fuy = NSNS F,, (149)

we can see that the self-dual or anti-self dual character of the tensor is preserved under Lorentz transformations, so

that Flj',j and F,, correspond to the (1,0) e (0, 1) irreducible representations of the Lorentz group.

We note that the Maxwell tensor F,, = 9,4, — 0, A, transforms in this representation, and its components describe
the electric and magnetic fields in terms of the electrostatic potential and the vector potential in terms of the 4-
vector potential A* = (¢, A). In this case, the duality transformation exchanges the components of the electric and

magnetic fields F; > B;, which constitutes a symmetry of the electromagnetic interactions.

The symmetric part of the tensor product yields a Lorentz scalar in the (0, 0) representation, corresponding to scalar
fields ¢ that are invariant under Lorentz transformations, and a symmetric and traceless tensor hy, in the (1,1)
representation. In general relativity, perturbations of the metric about flat Minkowski space of this form correspond
to gravitational waves and to the putative graviton particles that correspond to the latter in the (yet unknown)

quantum formulation of the theory.

2.1.3 Spinor bilinears

Weyl spinors are used to describe spin-1/2 particles and the associated fields that generalize the wavefunction in the
relativistic formulation of quantum mechanics. It is thus useful to discuss some of the Lorentz invariant quantities that we
may construct from spinor fields and which may thus appear in the Lagrangian function that describes such particles. The
most important terms in a Lagrangian are the quadratic terms, which lead to linear terms in the equations of motion via
the Euler-Lagrange equations. These then correspond to kinetic and mass terms for the fields, with the former including

field derivatives.

e Majorana mass term:

(AL(M)pr)" o2 (AL(M)ir)

VL AL (M)oaAr (M),

U1 (02A7 1 (M)oa) oA (M)yr,

¢ oo (M)AL(M)yr

Yioay (150)

Yloar

L Ll

where we have used that (AZI)T = Ar(M)" = g3AL(M)oy as obtained in Eq. (136) and (137). A term of the form
1/)}7%021/) r is also invariant under Lorentz transformations. Mass terms for spin-1/2 left-handed or right-handed fields

can be constructed with Majorana terms of this form provided that they are allowed by other symmetries.
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e Dirac mass term:

(AL(M)x.)" (Ar(M)yr)

XEAL(M)AR(M)yr

XEAR (M)A R(M)y,

xt g . (151)

X5 g

L Ll

A term of the form X;ﬂﬂL is also Lorentz invariant for similar reasons. Note that Dirac mass terms combine the
left- and right-handed parts of a Dirac spinor, which are given by distinct Weyl spinors, while the Majorana terms
combine spinors in the same Weyl representation. In the Standard Model, as we will see later, the masses of the
spin-1/2 charged leptons and quarks corresponds exclusively to Dirac mass terms, while the neutrino masses may

possibly have a contribution from Majorana terms.

e Weyl currents:

(AL(M)xz) o (AL (M)yy)
XEAL (M), AL (M)yr,
Xt Mfo, My,

Jiu = XTLU;LTZJL

XEUVAV’U,wL
A i - (152)

Ll

Thus the left-handed Weyl current jr,, transforms as a Lorentz vector, the same occurring for the analogous right-
handed Weyl current jg,, involving right-handed spinors. To obtain Lorentz invariant quantities, we may contract

these currents with other vectors in a Lorentz invariant way. For example, the fermion kinetic term given by:

XL.r0" 0L R (153)

is a Lorentz scalar since:

0 0 oz” 0

_ _ —1\¥
O = R TR T (A7) Hay ’

(154)

In a similar way, we can couple the fermionic current to the electromagnetic potential in a Lorentz invariant way,

such that jr g, describes the electric current associated with a charged fermion:
M dt gAY = M AP A 537 g AP =108 g AP . (155)
2.1.4 Parity and charge conjugation
The parity operator acts on the Lorentz group generators in the adjoint representation as:
PPt =] PK,P~' = —K; , (156)

as one can check by explicitly constructing the matrices associated to the generators. Hence, the angular momentum
operators J;, which generate spatial rotations, are pseudo-vectors that remain invariant under spatial reflections, while

the boost generators K; are normal vectors that change direction under parity transformations. From this we may also
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conclude that:
+ p-—1 1 7 - -1 T
PJEP :§P(LiLKOP = JF (157)

such that a parity transformation exchanges the left- and right-handed representations.
Charge conjugation, which exchanges particles and the corresponding anti-particles, has similar consequences. For

example, for a right-handed Weyl spinor g we may define the conjugate spinor as:

p— (159

such that under a Lorentz transformation:

Y — o2Ar(M)"Yp
— O—QO-QAL(M)O-Q'IZ)*R
= AL(M)Y§ . (159)

Hence, the conjugate of a right-handed spinor is a left-handed spinor and, analogously, the conjugate of a left-handed

spinor x§ = o2x} transforms in the right-handed representation.

2.2 Poincaré group

The transformations of the Poincaré group include both Lorentz transformations and space-time translations, forming the

group:
P={(Aa): A€ LacR"} | (160)

such that the action of the group elements in a coordinate system is given by:

ot — 't = A x +at . (161)
The group multiplication law is given by:
(Al,al).(AQ,ag)x = (Al,al).(Agif-l-ag) :Al(A2x+a2)+a1 = A1A2x+A1a2+a1
= (AlAQ, A1a2 + a,]_)l' . (162)

The identity element is naturally e = (I4,0) and for each group element we have the inverse element:
(Aa) = (A, -A"a) | (163)
since

(A,a) L (Aa) = (A7 —Ata).(Aa) = (APA A ta — A ta) = (14,0) = e . (164)
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As should be familiar in quantum mechanics, spatial translations are generated by the linear momentum operator, while

the Hamiltonian generates time translations:

U(x+et+T) = ‘I’(X,t)-l-ie-(—iV\I/(x,t))—iT<iaqj(x’t))

ot
= U(x,t)+ie-PU(x,t) —itHU(x,1) , (165)

for infinitesimal translations € and 7 in space and time, respectively. We can assemble these two operators in the 4-

momentum relativistic operator generating space-time translations:
P, =-io, . (166)
The Lorentz group generators that we have determined earlier also admit a representation in terms of differential operators:
M, = —i(2,0, — 2,0,) , (167)

satisfying the commutation relations:

(M, MW] =1 <77u5Mva + nuaMﬁv + nVﬂMau + nuaMuB) ) (168)

which, apart from a factor of ¢, are the same commutators as for the o, generators in Eq. (129). We can also easily check
that:

(M, Py =i (nyppH - n,wpu) =i(0w)]Ps.  [BB)=0. (169)

The Poincaré algebra is thus given by:

‘C(P) = span(Pm M,ul/) . (170)
We note that, as previously defined:

| . .

Ji = §6ijijk = eijkijk (171)

are the angular momentum operators generating spatial rotations, while K; = MO are the boost generators.

An important quantity to define is the Pauli-Lubanski vector:

~ 1 ~ .
W,u = ie,uypa'MVpPU ) (172)
with the following properties:
W,P* = 0, (173)
[Wu7 pu} =0 )
[W;m Maﬁ] = —i (nuﬂWa - nuaWB> s
|:WM7W04:| = _ie,u,a,Bz/WﬁPV ) (174)
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The Lorentz invariant quadratic operators:
P2=P,P*,  Wr=W,W", (175)

commute with all the generators of the Poincaré group, thus constituting the Casimir operators of the Poincaré group and

from which we can label the different irreducible representations. We may write, in particular:

o 1 ~ A .
w2 = zew,pae“amM”pP"Mo‘ﬁPV

1 N A~ N
= Z [_nl/a (npﬁno'y - 7];17"706) — Mvp (np'ynoa - npano'y) — Nuy (77/)0/'706 - annaa)] MV P NP P

1.~ PN N N A .
—§Ma6P7MaﬁP7 + M, Ps M P

1.~ A . ~ ~ A~ A
= ngaﬁMaﬂP2 + Mo M*P Pg P (176)

where we used the form of the contraction of two Levi-Civita tensors and the commutation relations (169).
As we know from the theory of Special Relativity, the Casimir opertor P2 = —m? for a particle of mass m, so that
different irreducible representations of the Poincaré group will correspond to particles with different mass. We also have

that the state of a particle with mass m and 4-momentum p is an eigenstate of the ]5“ generator:
Pﬂ|m7pa O-> :pu|m7p70-> (177)

where we have denoted by ¢ any other quantities that characterize the state in a given representation and that we wish

to determine. Under a Lorentz transformation in a given representation R(A,0) we obtain a state with 4-momentum Ap:
R(A,0)[m, p,o) = [m, Ap, ) . (178)

Let us check that this is also an eigenstate of ]5#. First, let us note that ]5#, being a group generator, transforms in the

adjoint representation and is a Lorentz vector:

R(A,0)P,R7Y(A,0) =A P, . (179)

"

Thus,

Py (R(A,0)lm,p,0)) = R(A,0R™(A,0)P,R(A,0)[m,p, o)
= R(A, O)Au”ff’l,|m,p7 o)
= AquDR(AaO>|m7p7 U>
= (Ap)ulm,Ap,o) . (180)
This means that, in constructing the states in the different representations of the Poincaré group, we may take as reference
state a state with a given momentum, such that states with an arbitrary momentum can be obtained from this reference

state by performing a Lorentz transformation. The choice of this reference momentum will be different for particles with

and without mass, such that we must analyze these two cases separately.
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2.2.1 DMassive representations

For states of a massive particle, m # 0, we may take as reference the 4-momentum in the particle’s rest frame, p* = (m, 0).

This choice is obviously invariant under spatial rotations, i.e the states:
R(0,0)|m, (m,0),0) , 0 € S0(3), (181)

are also eigenstates of PM with momentum eigenvalue p* = (m, 0). We may thus obtain the irreducible representations for
massive particles from the irreducible representations of SO(3) = SU(2), since the generators of the two groups satisfy
the same algebra. Note, in particular, that the fundamental representation of the SO(3) Lie algebra, corresponding to the
anti-symmetric 3 X 3 matrices, coincides with the adjoint representation of the SU(2) algebra obtained in Eq. (59). As we
have seen, SU(2) irreducible representations are labelled by their spin and its component along the z axis, which to avoid
confusion with the particle’s mass we may write as js = —j,...,j. We thus have o = (j, j5) and:

R(Oa 0)|m7 (mv 0)7.77 ]3> = R(])

Jz’jé

(0)|m, (m,0), . j3) . (182)

where R;.j ) (O) are the rotation matrices in a spin-j representation. The SO(3) group is designated as the Little Group

3,75

for massive representations of the Poincaré group, i.e. the sub-group that preserves the form of the states with 4-momentum
p* = (m,0).

For these states, the components of the Pauli-Lubanski vector are given by:

W0|m7 (m70)3]7]3> = §EOijijPk|m7 (m70)7]a]3> =0 B

. . 1 Nk . & .

Wi|m> (m70),],33> = ieijkOMjkPO|m7 (m,O),j,]3> = _mJi‘ma (m,O),j,]3> » (183)
and thus the Casimir operator W2 is given by:

W2|mv (mvo)aj7j3> = m2j2|ma (m,O),j,j3> :mQJ(]"_]-”mv (mvo)aj7j3> . (184)

Hence, we see that the irreducible representations of the Poincaré group correspond to particles with different mass and

spin for the case m # 0.

2.2.2 Massless representations

In the case m = 0, there is no rest frame for the particle to use as reference 4-momentum, but we could e.g. choose
k* = E(1,0,0,1), where E denotes the particle’s energy. This form of the 4-momentum is preserved by the isometries of
the Euclidean (x,y) plane, which include rotations about the z axis and translations along x and y. These form the group
IS0(2), which thus constitutes the Little Group for m = 0.

Let us denote the states with 4-momentum k* as |k, o), such that the components of the Pauli-Lubanski vector are:

Wolk,o) = %GOingUﬁ?’\k,a) = EMslk,0) = EJs|k, o) ,

Wslk,o) = %egijoMU’PO\k,@ = —EMs|k,0) = —EJs|k,0) ,

Wilko) = (;wm;ﬁo + 610231\2/02153) ko) = —E (312 4 319) k. ) = ~B (i + &) ko)

Wolk,o) = (;ezijOMijPO n 620131\%01153) k,o) = —E (M31 - Mol) k,o) = —E (j2 - f(l) ko). (185)
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The relevant operators are, thus, {jg, 5’1, gg}, where S; = Wi, such that with (122) we obtain the algebra:
[S1,85] =0, [J3,81] = iS5 , [J3, Sa] = —iS) . (186)

Note that this is also the algebra satisfied by the linear momentum operators on the (z,y)-plane, identifying S; P%
1 = 1,2, along with the z component of the angular momentum, which thus constitutes the algebra of 1SO(2). It is easy
to check that, defining S = (51, 53),

[§2a‘§i] = [SQ, J3] =0 ’ (187)

such that S? commutes with all the generators of the Little Group and is therefore the non-trivial Casimir operator for
massless representations. We may then define the Weyl-Cartan basis for the Little Group 1.50O(2) with Js yielding the

only element in the Cartan sub-algebra and the ladder operators:
Sy =58, +iS, (188)
such that:

[Js,94] = +55 . (189)

We may then obtain the states in massless particle representations in a similar way to the irreducible representations of
SU(2), with:

S2|k757j3> = 52|k757j3> )
Jalk,s,js) = Jjslk,s,js) ,
j3 (Si|k,5,j3>) = (Sij?) + Si) ‘k757j3> = (]3 + 1) gi‘kasaj3> ) (190)

which means that S'i|k, s, J3) o |k, s, j3 £ 1). However, note that:
<k787j3‘é2|ka53j3> - <k787j3|‘§jt*§:l:|kvsaj3> = ||‘§j:|k,5,j3>”2 = 52 |||k757]3>||2 . (191)

This means that S'i\k, s,73) = 0 only for s = 0. Therefore, for s # 0 there is an infinite set of states, which do not find
any realization in nature. The only physical states are those with s = 0, characterized uniquely by the eigenvalues of Js

and which we may thus denote as |k, j3), such that:
5':|:|k77j3> =0. (192)

Given our choice for the reference 4-momentum, we see that Js is the component of the particle’s spin in the direction
of its 3-momentum, and its eigenvalues are denoted as the helicity of a particle. Note that we obtain the same result
whatever the form of the reference 4-momentum that we had chosen, with k*k, = 0, so that helicity is Lorentz invariant
for massless particles. For example, massless spin-1/2 particles are described by Weyl spinors, with A = j3 = +1/2 for
right-handed spinors and h = —1/2 for left-handed spinors, which are thus irreducible representations of the Lorentz and

Poincaré groups.
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3 SU(N) groups

The unitary and special unitary groups also play a special role in particle physics, constituting the basis for the global

and gauge symmetries upon which the Standard Model of particle physics is built. They are defined, respectively, as:
UN)={UeGLICY):UU=1y}, SUN)={U€cU(N):det(U)=1} . (193)

Note that the unitary condition UTU = Iy implies |det(U)|? = 1, i.e. det(U) = £1. One can construct a map between
the groups U(1) x SU(N) and U(N) in the following way:

f:  U@) x SU(N) = U(N)
f(zU)=2U, zeU(1), UeSU(N). (194)

Note that U(1) corresponds to the group of complex numbers with unit modulus:
Ul) = {z€C:|z|=1} . (195)
Let us check that this map is a group homomorphism. First, note that for any unitary matrix U € U(N), we may write:
detU = ¢V = IV =1 = I¢l=1 = Ceu(). (196)
Let us then consider matrices of the form A = (~'U, which satisfy:

ATA = (') () = U U =UTU =1y,
det(4) = (¢1)VdetU = (det(U)) " detU =1, (197)

so that A € SU(N). Hence, we have that:
f¢.clu)y=¢clu =0, (198)

such that we can obtain any matrix U in U(N) through the map f.
Second, we need to find how many elements of U(1) x SU(N) are mapped to the identity matrix Iy:

Ker(f) ={(2,A) e U(1) x SU(N) : f(z,A) =1n} . (199)
Note that, for these elements:
det(zA) = 2V det(A) = 2V =1 = z=e N nez, (200)
such that Ker(f) = Zy. This then implies the following group isomorphism:
UN)=2U(Q1)xSU(N)/Zy , (201)

i.e. the matrices in SU(N) and U(N) differ only by a complex phase z = €*’ with period 27/N.
We will then focus on the SU(N) groups, and analogously to what we have already found for SU(2) the Lie algebra

for these groups is given by:

LSUWN)={TeM(C"): T=T" Tc(T)=0} . (202)

34



On the 2N?2 real degrees of freedom of a complex N x N matrix, the hermiticity condition imposes N? constraints, and a
further real constraint is imposed by the tracelessness condition, leaving N? — 1 degrees of freedom which is the dimension
of the Lie algebra and of the adjoint representation.

The Cartan sub-algebra of SU(N), corresponding to the maximum number of commuting generators, is trivially given
by the diagonal generators of the Lie algebra. Since there are N distinct real components in a hermitian matrix and the
tracelessness condition allows one to write one of these components in terms of the others, we conclude that this yields
an (N — 1)-dimensional Cartan sub-algebra, i.e. that SU(N) groups have rank N — 1. As we have described in the first
section, we may construct a basis for the Lie algebra and determine its roots and weights from the Cartan sub-algebra

generators, which we will do explicitly for the case of SU(3).

3.1 Irreducible representations of SU(N)

Representations of SU(N) are given in terms of tensor fields that transform under SU(N) in different ways. They are

also represented in terms of their dimension. In particular, we have:

e Fundamental representation
N : Vo — Uy | a,b=1,...,N (203)

where U € SU(N).

e Complex conjugate representation
N : Yt — Ut . (204)

e Tensor representations

NP XN gt U, U U, T, T, (205)

P

There are special tensors that are invariant under SU(N) transformations, in particular the generalized Kronecker

delta and Levi-Civita tensors:

L (206)

a a

5 = UUS = U, Ut, =, (uh) = (U,

€ay..an 7 Ualb1 '~~UaNbN€b1...bN
= (8,0 4T, ) o (8,0 4T, Y €by b
= €aroan 1T, M ebiasay o+ T, N earan. by
= €ayan T, “earas.an + -+ 1T, N earas..an
— €ay.ay (1+iTe(T))
— €ay..an s (207)

and analogously for €N . An equivalent way of proving the invariance of the Levi-Civita tensor is to note that:

U, " .. U, "e, 4y =det(U)ea,. ay » (208)

ai anN
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such that for an SU(N) matrix with unit determinant the invariance of the Levi-Civita tensor follows trivially.

These tensors can be used to construct new tensors, for example:

wal...apalmap — U*alcl o U*apcp Ual dq o Uap dpwc1...cpd1mdp
« Td
L) (0T, o) e,
d d cy...c
— 9 161 ) "Cplﬂ ' pdl___dp
Lo, (209)
where we used that UTU* = (UTU)* = I. Similarly, another invariant under SU(N) is:
€N INYy ay = €N P U, Ny =Ny (210)

The complex conjugate representation can also be obtained as a contraction of the Levi-Civita tensor and a tensor

representation with fundamental (lower) indices:

wa _ €ab1"'bN_le1...bN—1 N aby bN_lUblcl ..UbelcNAXcl...cNfl
_y eedidnoa U*an*bél o U*bN*éN71 Uy, L. Upn_, N Xerena
N (]*ae edj...dn_1 (UTU)d “ (UTU)dN716N71 Xei...en—1
. U*ae edy 'dN71Xd1~ dn_1
e en)

Hence, we see that the free indices, i.e. those that are not summed over, determine the transformation law for a given
tensor. Tensors with no free indices will be invariant under SU(N) transformations.

We would like to determine the irreducible representations within such tensorial products. For this, let us focus on
representations with only lower indices, since as we have seen indices can be raised with the Levi-Civita tensor.

Let us consider first the 2-index tensor 1,5, which we may decompose into its symmetric and anti-symmetric parts:

_ 1
wab = ,(/thb + wab ) w(jl:b = 5 (’(/}ab + wba) . (212)
Under SU(N) transformations:
VE =y = U, Uyt = U, W, 9% = U, U, 9L, = £y, (213)

so that (anti-)symmetric tensors are transformed into (anti-)symmetric tensors, and they form invariant sub-spaces. Hence,
1qp is a reducible representation, while w;tb are irreducible representations.

In general, the irreducible representations of SU(N) are in a one-to-one correspondence with the irreducible represen-
tations of the permutation group, i.e. a tensor with p indices can be decomposed into irreducible representations of .Sy,.
In the 2-index tensor example above, the permutations of the two indices a and b yield two irreducible representations
corresponding to the symmetric and anti-symmetric parts.

The irreducible representations of the permutation group can be mapped into the so-called Young tableaux, and
this is also one of the most useful descriptions of the SU(N) irreducible representations. Let us consider an SU (V) tensor

with p indices 9q,...q, and numbers:

PLZp2>...>ps, Y .pi=p. (214)
=1
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We can then construct the following Young tableau, associated with the tensor 1/)(11,”%1%1“_,%1”2___ap, with p; boxes in

the first line, py boxes in the second, etc:

ay as ce Qap,

Ap;+1 s |@pitpy

ap

This tableau is:
e symmetric in the indices appearing in the same line of the tableau;

e anti-symmetric in the indices appearing in the same column of the tableau.

THEOREM: Young tableaux with a number of lines smaller or equal to IV are in a one-to-one correspondence with

the irreducible representations of SU(N).

To compute the dimension of a representation from the associated Young tableau, we need to consider standard

tableaux, which correspond to inserting the indices 1,..., N in the boxes of Young tableaux such that:
e indices do not decrease from left to right within each row;
e indices increase from top to bottom in each column.

The number of standard tableaux that we can construct then yields the dimension of the representation. The following

table illustrates the Young tableaux and the standard tableaux associated with the simplest representations.

Representation Tensor Young tableau Standard tableaux Dimension
Fundamental Ve D e N
N
Symmetric " Dj lN(N—&-l)
(ab) 2
N xN
Anti-symmetric Dlab) H . %N (N-1)
N xN
.
Symmetric [ N+Ek+1
Nk Vo [ 1 [ = ( & )
Anti-symmetric Vlay...ax] ] IT' .. [ (N)
. . :
N L O g
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Consider, for example, the case of SU(3), for which the symmetric and anti-symmetric representations are given by:

L] [a]2]

o= | [ | [s] [2]2]

EIEINEIE}

.
-

Notice that the anti-symmetric representation in SU(3) corresponds to the complex conjugate representation, also

denoted as anti-fundamental representation, since we can write 1)® = €%*¢.. The adjoint representation of SU(3),

which has the dimension of the Lie algebra, 32 — 1 = 8, is given by the following Young tableau:

ab|

8 —

] (] faf2] [i]2]

12 3 12 3
3] (]3] [2]2] [2]3]

12 3 3 3

This corresponds to a tensor symmetric in the a and b indices and anti-symmetric in the a and ¢ indices, which can be

written as the following combination of permutations of the 3-index tensor:

i (wabc + wbac - wcba - '(/)bca) . (215)

Young tableaux are particularly useful in decomposing tensor products of two SU(N) representations into a sum of
irreducible representations. To do this, we start by writing the labels a, b, c,... in the boxes of the Young tableau of the

first representation, with a symbols in the first row, b symbols in the second row, etc, as illustrated in the figure below:

We then attach the boxes of the first diagram to the second diagram, starting with the boxes with a label and then the

boxes with b label, etc, such that we get new Young tableaux where equal labels cannot appear in the same column. In

addition, for each new Young tableau that we obtain with this procedure, we must read all the labels from right to left in the
first row and then in the second row, etc. This yields a sequence of labels for each new tableau where, to the left of each label,

the number of b labels cannot exceed the number of a labels, the number of ¢ labels cannot exceed the number of b labels,

etc. This means, for example, that sequences aab and aba are allowed, while abba is not allowed.
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This procedure is best understood by considering a few examples, so let us consider the products of the lowest dimension

irreducible representations in SU(3):

3x3=6+3 3x6=10+8

[«]>[] :DEJFE [x[ T J=C1TTe]+[ 1]

3x3=1+8
EXH:EJF a

8x8=27+10+10+8+8+1

ala] | _
L O T
alal + |a|a| -+ a
b a
]
al a]
a + b + a
2] [4] als

Note that in SU(3) a column with 3 boxes corresponds to the singlet representation 1, i.e. an invariant tensor, since
there is only one standard tableau with numbers (1,2, 3). This means that in determining the dimension of a representation
we may ignore all columns with 3 boxes. The same holds for columns with N boxes in a general SU(N) representation.

Also note that in the last example above there are two representations with dimension 10, which we have labeled as 10
and 10, so that they are complex conjugate. Which one is the conjugate representation, denoted with a bar, is a matter of
convention, but looking at the corresponding Young tableaux one sees that, putting them together, one obtains a tableau
with three rows (ignoring the singlet column as explained above). The same holds for 3 and 3. This is actually a generic
feature of complex conjugate representations: for each SU(N) representation, its complex conjugate can be obtained by
looking at the completion of its Young tableau that yields N rows and the same number of columns, as illustrated below.
For the example of SU(3) above, we can clearly see that the complex conjugate of the adjoint representation is the adjoint

representation itself, and this is true for all SU(N) - the adjoint representation is said to be a real representation.

»
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3.2 SU(3) and the quark model

SU(N) groups play an important role in particle physics, being the basis for the gauge theories on which the Standard
Model is built. The first and simplest application of these groups, other than SU(2) for the spin of elementary particles
as we have already discussed, is the quark model to describe the meson and baryon particles in terms of elementary
constituents, known as the quarks. The lightest mesons and baryons can be described in terms of three elementary quarks,
known as up, down and strange, although now we know that there are actually six quark “flavours” with the addition of
the charm, bottom and top quarks. The similarity between the masses of certain groups of mesons and baryons suggests
an underlying symmetry between the quark constituents, and for the case of the three lightest quarks this is naturally
SU(3) as we will now describe in more detail.

The main idea is that the three lightest elementary quarks are related by SU(3) transformations, forming a vector
space that transforms in the fundamental representation of this group. Their corresponding anti-particles then naturally
transform in the anti-fundamental (or complex conjugate) representation, and composite states as mesons and baryons
transform in tensor products of these representations, which as we have seen above can be decomposed into irreducible
representations. Mesons and baryons in the same irreducible representation of SU(3) should have equal masses since
they should be related by SU(3) transformations, but actually their masses are slightly different due to the fact that the
elementary quarks themselves have different masses and charges. Note that the mass, i.e. the rest energy, of a composite
state depends not only on the mass of its constituents but also on their interaction energy, which include in the case of
quarks their strong, weak and electromagnetic interactions. Hence, the SU(3) flavour symmetry, and its generalization to
SU(6) when including all the known elementary quarks, is only an approximate symmetry, which nevertheless explains
very well the spectrum of meson and baryon masses.

Let us start by discussing the SU(3) Lie algebra, which corresponds to the hermitian traceless 3 x 3 matrices. The
most widely used basis for this algebra is given by the Gell-Mann matrices, after Murray Gell-Mann who, along with

George Zweig, independently proposed the quark model, also known as the “Eightfold way”, in 1964. These are given by:

010 0 —i 0 1 0 0 00 1
M o= (100, x=|i 0o o], x=|0o-10|, x=[00 0f,
00 0 0 0 0 0 0 0 10 0
00 —i 000 00 0 0 0
s = |00 0], Xx=|001|, M=|0o0 i, /\8—%01 0. (216
i 0 0 010 0 i 0 0 —2

One can naturally see in these matrices the structure found in the Pauli matrices, and in fact there are three SU(2)
sub-algebras in SU3):

SU(2)r = span {M, Ao, A}, SU(2)y = span {A4,A5, A‘”?m} . SU(2)y = span {AG, A, W}-(m)
The Gell-Mann matrices satisfy Tr(A;A;) = 26;; and conventionally we choose the basis T; = A;/2, such that:
1
THTTy) = 56 (218)

as we have used for SU(2) as well. There are two diagonal generators in the rank-2 SU(3) algebra, and the Cartan

sub-algebra can be chosen as:

H (SU(3)) = span {Tg,Y = ngg} , (219)
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where T3 is known as the isospin generator and Y as the hypercharge generator. We also define:

Y
QET?)—’—E,

which as we will see below corresponds to the electric charge of the quarks.

To complete the Weyl-Cartan basis for SU(3), we define the ladder operators:
T, =T il , Ve=Ty£iT5, Uy =T £iT7
which satisfy the following commutation relations with the diagonal generators of the Cartan sub-algebra:

1
M-t movdete,  mU-siv
[Y,Ty] = +0, Y, Vi] = £Vy Y,Us] = +Us .

From these we can immediately infer the roots of the SU(3) Lie algebra:

a(Ty) = (£1,0) ,  a(Vi) = (£1/2,£1),  a(Us) = (F1/2,+1) .

(220)

(221)

(222)

(223)

This means that Ty raise/lower the isospin of states in a representation by one unit, while Vi and V. either raise or lower

the isospin by 1/2. While T+ do not change the hypercharge of a state, both Vi and Uy change the hypercharge by +1.

This is illustrated in the following root diagram:

Note that the root diagram for SU(2) would be 1-dimensional, corresponding e.g. to the pair (T, 7-).

The fundamental representation of SU(3), 3, in the quark model has a basis of states |u), |d) and |s) corresponding

to the the up, down and strange quarks, respectively. These correspond to the basis of vectors (1,0,0)%, (0,1,0)7 and

(0,0,1)”. The generators in this representation are given by the 7; normalized Gell-Mann matrices defined above, and

the Cartan sub-algebra is given by:

T5 = diag(1/2,—-1/2,0) , Y = diag(1/3,1/3,-2/3) ,

(224)

which implies that the up and down quarks form an isospin doublet, while the strange quark is an isospin singlet. While

u and s have hypercharge 1/3, the d quark has hypercharge —2/3. This yields:

Q = diag(2/3,—-1/3,—-1/3) ,
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so that the up quark has a +2/3 electric charge, while the down and strange quarks have charge —1/3. The weights of

the fundamental representation are then:
Aw) =(1/2,1/3) ,  Md) =(-1/2,1/3) ,  A(s) = (0,-2/3) , (226)

as illustrated in the weight diagram below.

Y
A
1k
d %, u
®--"r---9
\ /
| \\ /\ | » T3
-1 _i o1 1
2 N /2
\1 /
-3
$s
1L

It should be clear in this figure that the ladder operators can be used to obtain different states in this representation.
In particular, the T4 generators exchange u <> d, the V. generators exchange u <> s and the U+ generators exchange
d < s.

The complex conjugate representation 3 has a basis of states |4), |d) and |5), corresponding to the anti-quark
states. Recalling that U = €T, we have U* = e~ 7", so that the generators in the 3 representation are T; = =T7. In

particular, in the Cartan sub-algebra we have:
Ty = diag(—1/2,1/2,0) , Y = diag(—1/3,-1/3,2/3) , Q = diag(—2/3,1/3,1/3) , (227)
so that the anti-quarks have opposite electric charge to the corresponding quarks. The weights in this representation are:
Aa) =(-1/2,-1/3) , Ad)=(1/2,-1/3) , A(s) =(0,2/3) (228)

and the weight diagram is given by:

Y
1
s
1
+ =\
/2 \
/ \
/ \
I I ! \ I I » T3
_ 1/ N1
1 3 1
— _37 a
u 2
1l
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We can now look at composite states, generically known as hadrons. The simplest states are the mesons, which are
spin-0 bound states of a quark and an anti-quark. Note that quarks are spin-1/2 fermions, corresponding to Dirac spinors.
This means that the quark and anti-quark in a given meson must have opposite spins. In terms of SU(3), mesons must
lie in the tensor product representation 3 x 3 = 8 + 1 as we have obtained above. We hence expect to find an octet of
mesons with similar masses, transforming in the adjoint representation, and an additional SU(3) singlet meson.

As we have discussed in the first section, the weights in a tensor product representation correspond to the sum of the

weights in the individual representations. We then have the following basis of states in the 3 x 3 representation:

States Weights
|uw), |dd), |s5) (0,0)
|ud) (1,0)

) (1/2,1)

) (=1,0)
|ds) (—1/2,1)

) (=1/2,-1)
|sd) (1/2,-1)

The associated weight diagram is illustrated below, including the names given to the corresponding mesons. Note that

the electric charge of each meson, being a linear combination of the weights, is also the sum of the electric charges of its

quark and anti-quark constituents.

Y
K°=ds K*=us
®---—--@
/ \
/ \
/ 1 \
/ = \
/ 2 \
n=du ,/ 7° a° \\ t=ud
@ . . o—» T3
- _t noo1 /1
\ > 2 /
\ 1 /
\ S /
\ 2 /
\ /
\ /
o -1 —-@
K =su K=

As one can see, there are three degenerate states with (0,0) weight, corresponding to |u@), |dd) and |s5), but only
two linear combinations of these states belong to the meson octet, while the remaining must correspond to the singlet
meson. To determine which states are in the octet, we note that such states should be obtained from the remainder
states in the octet by applying SU(3) transformations. Since this can be achieved using the ladder operators, we may,

for example, determine T_|ud) and U_|ds). Note that these generators take the following form in the fundamental and

anti-fundamental representations:

0 0 0 0 -1 0
T = Tv—ih=|1 0 0], T =-T—iT,=]|0 0 ,
0 0 0 0 0 0
0 0 0 00 0
U. = Tg—iTy=]10 0 0], U.=-Tsg—iTx=|0 0 -1/, (229)
01 0 00 0
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such that:

T_fud) = (T-|u))®|d)+|u) @ (T-|d)) = |dd) — |ug) ,

U_lds) = (U_|d)®1s)+|d) @ (T_]3)) = |s5) — |dd) - (20)

These states are not, however, orthogonal, but we can choose the following orthogonal linear combinations:

|ﬂ=%wwwm, w:%wwmw%@% (231)

which thus yield the two (0,0) mesons in the octet. The singlet meson must be a linear combination of |u@), |dd) and |s3)

that is orthogonal to both |7%) and |°), yielding:

1

V3

and it is easy to see that this state remains invariant under SU(3) transformations. i.e. under the exchange of any pair of

") (lua) + |dd) + |s5)) , (232)

quarks.
The other quark bound states occurring in Nature are the baryons, which are composed of 3 quarks, with the

corresponding anti-baryons having 3 anti-quarks. Baryons must then transform in the tensor representation:
3x3x3=(6+3)x3=6x3+3x3=10+8+8+1, (233)

where we have used the SU(3) tensor products obtained earlier using Young tableaux. Not all of these irreducible
representations occur in Nature, since quarks are spin-1/2 fermions that also carry an additional SU(3) “colour” charge,
which is distinct from the SU(3) flavour symmetry that we are considering. Due to Pauli’s exclusion principle, the total
wavefunction of a composite fermionic state must be anti-symmetric under the exchange of any two identical fermions, so
that they cannot simultaneously be in the same state. This singles out the representations 10 and only one of the adjoint
8 representations obtained above. The baryon decuplet includes the spin-3/2 baryons, while the baryon octet contains
the states with total spin 1/2.

Although we will not study in detail the states in these representations, one should note that the most important
baryons are the proton and the neutron, which have spin-1/2. These are the most stable of the baryons, since the others
are short-lived and can decay into other baryons and mesons. The proton is a uud state with weight vector (1/2,1), and
is thought to be completely stable, while the neutron is a udd state with weight vector (—1/2,1), and is only stable when
forming bound states with other neutrons and protons inside atomic nuclei. The electric charge of the proton is then +1,

while the neutron has zero electric charge according to our definition of Q.

3.3 Branching SU(3) representations into SU(2) representations

A common feature to SU(N) groups and also other Lie groups used in particle physics is that they include lower rank
sub-groups, and it is useful to understand how the representations of the sub-group are embedded into the larger SU(N)
representations. We will consider the example of SU(3), which as we have seen above includes the group SU(2) in three

possible ways. The simplest possibility is SU(2);, which corresponds to the sub-group:

Uy, 0
U= (o 1) € SU(3) , (234)

where the 2 x 2 matrix Uy € SU(2). It is clear that this embedding leaves the strange quark invariant, while performing

SU(2) transformations in the sub-space spanned by the |u) and |d) states in the fundamental representation. These then
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form an SU(2)-isospin doublet, so that we have the decomposition:

3su@) — (2+ 1)su(), (235)

Similarly, for the complex conjugate representation:

3su@) = (24 Dsue), (236)

where we recall that the fundamental 2 and complex conjugate 2 representations of SU(2) are equivalent as we derived
in the first section.
Knowing how the fundamental and anti-fundamental representations of SU(3) branch into SU(2)-isospin representa-

tions then allows us to do the branching of other representations. For the case of mesons, for example, we have:

= (2+1) x (2+ D)sue),
= (2X24+2x1+1x2+1x1)g5y(),
= (B+1+2+2+1) g0, - (237)

(3% g)SU(B) =B+ 1)su)

Since an SU (3) singlet will also be an SU(2) singlet, we then conclude that the meson octet in the adjoint representation

has the following branching:
8su(s) > B+2+2+ )5y, - (238)

Each of these multiplets must have a constant hypercharge Y, since the only diagonal generator leading to matrices of
the form (234) is T3. These then correspond to the mesons along the same horizontal lines in the weight diagram given

earlier:

N N W
I

1)y =o - (239)

The pions then form an isospin triplet, which corresponds to the isospin-1 adjoint representation of SU(2);, while the
kaons form two isospin doublets with opposite hypercharges. That the n° is an isospin singlet should be clear from its
explicit form in (231), since it is invariant under the exchange of the u and d quarks and of their anti-particles, the same
happening for the SU(3) singlet state 7’.

Note that the isospin symmetry is actually a much better symmetry than the full SU(3) flavour symmetry since, while
the up and down quarks have similar masses of a few MeV /c?, the strange quark is significantly heavier, with a mass of
around ~ 140 MeV /c2?. The isospin triplet pions then have similar masses of around 140 MeV /c?, while the remaining
octet mesons with a strange quark have masses around 550 MeV /c2. The 7/, which is an SU(3) and isospin singlet, has a

much larger mass of ~ 956 MeV /c2.
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4 Problems

1. Consider the following set of 4 x 4 matrices:

0 0 0 O 0 0 -1 0 0 -1 0 O
0 0 1 0 0 0 0 O 1 0 0 O
A = ; Ay = ; Az =
0 -1 0 O 1 0 0 O 0 0 0 0
0 0 0 O 0 0 0 O 0 0 0 O
0 0 0 -1 0 0 0 O 0 0 0 O
0 0 0 O 0 0 0 -1 0 0 0 O
Bl = ) B2 - B} B3 -
0 0 0 O 0 0 0 O 0 0 0 1
1 0 0 0 01 0 O 0 0 -1 0
a) Justify that these matrices form a basis for the Lie algebra of the group SO(4).
b) Verify, for i = 1 and j = 2, the following commutation relations:
[Ai, Aj] = €k Ak [Bi, Bj| = €iji Ay [A;, Bj| = €1 By,
¢) Consider now the following linear combinations of generators:
1 1 .
X1:§(A’L+B’L)a Kzi(AZ_BZ) ) Z:17273

Show that these span two independent sub-algebras, i.e. two commutting algebras, and indicate the Lie group

to which each of these algebras is associated. Is the Lie algebra of SO(4) semi-simple?
d) Compute the Killing form and the Casimir operator for each of the sub-algebras determined in the previous

question.

Hint: Use the identity €;x€iim = 0j10km — 0jmOki-

2. The sympletic group Sp(2,R) is defined as the group of 2 x 2 matrices:

Sp(2,R) = {S € GL(R?) : STJS=J}

where
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a) Explain why these matrices form a group under the usual matrix multiplication rule.
b) Given that X is one of the eigenvalues of a matrix in this group, determine the other eigenvalue.

¢) Justify that the following matrices form a basis for the Lie algebra of Sp(2,R) and determine the associated

non-vanishing structure constants:

0 1 0 0 1 0
T, = . T = R - .

d) Construct the Weyl-Cartan basis from the matrices given above and plot in the same diagram the weights of

the fundamental representation and the roots of the Lie algebra.

e) Determine the components of the Killing metric in the basis {T1,T2,T3}.

3. Consider the following set of 4 x 4 matrices:

A 0 o, B _ Oq 0 c O 0 D_ 0 —i
¢ oa 0, ) “ 0 -o0,, ) ¢ 0 o,, ) il 0,

where 0 and I denote the zero matrix and the 2 x 2 identity matrix, respectively, and o,, a = 1,2, 3, are the Pauli

matrices, given by:

a) Show that these matrices form a closed Lie algebra.

Hint: Use the relation o,0p = 104 + i€qpc0c.

b) Taking Hy = Bs and Hy = C3 as the generators of the Cartan sub-algebra, determine the weight diagram of

the fundamental representation.

¢) Show that the matrices E, = {44, Dy, F1, G4} ccomplete the Weyl-Cartan basis for this Lie algebra, where:

Ag
Fy

Ay £iAs Dy =A3+iD , By =By +1iBy, Cy=Cy1iCy
By +Cy, Gy =By -Cy

and plot the associated root diagram.
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4. The Lie group SL(2,C) corresponds to the group of complex 2 x 2 matrices with unit determinant:

a)

SL(2,C) = {M € M(C) : det(M) = 1} . (240)

Justify that the following matrices form a basis for the SL(2,C) Lie algebra:

R I A O R (R
201 0 2\ -1 0 2\ 0 -i

(241)

Note: You do not need to compute the commutation relations explicitly.

From the set of matrices in the previous question, identify the algebra of SL(2,R), where SL(2,R) corresponds

to the group of real 2 x 2 matrices with unit determinant. Compute the associated Killing form.

Consider the sub-algebra spanned by the matrices:

T1 = Zg s T2 =01 , Tg =09 . (242)

Show that these matrices satisfy:

T/ =0T, (243)

2

where 1 = diag(1,—1). From this result deduce the analogous relation between UT e U~! where U =
exp (Z?zl aiTi) is a matrix in the Lie group SU(1,1) for «; € R.

Consider now the set of hermitian 2 x 2 matrices defined as:
X ={2z%0,: 2 €R,p=0,1,2,3} ,

where 20¢ is the 2 x 2 identity matrix.

Show that det X = 7,,z"z" onde n,, = diag(—1,+1,+1,+1) is the Minkoswki metric and verify that this
relation is invariant under SL(2,C) transformations of the form X — X’ = M XM where M € SL(2,C).
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5. A Dirac spinor 1 transforms in the (1/2,0) @ (0, 1/2) representation of the Lorentz group and can be written in the

¢—<XL>,
XR

where y, is a left-handed Weyl spinor and x g a right-handed Weyl spinor. The transformation matrices in the Dirac

form:

representation are then given by:

Ap(M) = ( (M) 0 > :

0 Ar(M)

where M € SL(2,C) such that:
AL(M) = e 30 n - Ap(an) = (A () )"

where s*,t" are real parameters and ¢; are the Pauli matrices.

Define the Dirac gamma matrices as:

where 0, = (Iz,0;) and 6, = (I, —0;) = 020502.

a) Show that for an infinitesimal Lorentz transformation 1) — ¢ + J1 one has
o = iewjo—,uuw )
where 0, = %[’ym ~v.] and €*” is an infinitesimal anti-symmetric tensor.
b) Show that the spinor bilinear
o,
where 1) = 114, is invariant under finite Lorentz transformations.
¢) Using the relation between SL(2,C) and Lorentz group matrices
o N, = Mo, M,
show that:
AD(M)il'YuAD (M) = AMVVV
d) Use the previous result to determine how the following spinor bilinear:
7/_)'7;”/1

transforms under the Lorentz group.

Hint: Use the following relations:

l0i, 0] = 2iejjpop , €ikl€5h1 = 2055

AL7R(M)* = O'QAR7L0'2 .
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6. Consider the group SU(3).

a) Verify the following identity for an arbitrary 3 x 3 matrix:

U, 'U, U €1 = det(U)eape
for a =1, b =2 and ¢ = 3. Use this result to show that the Levi-Civita tensor is invariant under SU(3).

Assuming the transformation law for an SU(3) tensor 1%, verify that e = €qpeth?® transforms in the funda-

mental representation of the group.

b) Using Young tableaux, decompose the following tensor product into irreducible representations of SU(3):

3x3x3

For each of the irreducible representations obtained, indicate the symmetry properties of the associated tensor.

c¢) In the SU(3) quark model, the fundamental representation ¢; = (u,d,s)? has weights u = (1/2,1/3), d =
(—=1/2,1/3) and s = (0, —2/3) with respect to the isospin and hypercharge generators (73,Y") of the Cartan

sub-algebra.

Determine the weight diagram for the baryon decuplet and write the corresponding normalized states in the

basis |¢;q;qx)-
Hint: Construct the Young tableau associated with the 10 representation of SU(3) to determine the symmetry
properties of the associated states.

d) Show that the trace of the electric charge generator @ = T3 + Y/2 vanishes for the baryon decuplet.

Note: The trace of an operator O in a vector space spanned by states {|¢;)} is given by:

Tr(0) = (¢:[Ol)

7

7. Consider the group SU(3).

a) Using Young tableaux, decompose the following tensor products in terms of irreducible representations:

o
X X
w Wi

ol
X
(2M]]

Note that the 6 representation corresponds to the symmetric part of the tensor product 3 x 3.

b) In Quantum Chromodynamics (QCD), each quark transforms in the fundamental representation of the group

SU(3)¢, forming a “colour” triplet (g,,qq,q5) (for “red”, “green” and “blue”) with weights ¢, = (1/2,1/3),
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gq = (—1/2,1/3) and ¢, = (0,—2/3) relative to the isospin and hypercharge generators (75,Y") of the Cartan
sub-algebra. Fach state g;, ¢ = r, g, b corresponds to a Dirac spinor composed of two Weyl spinors ¢qr; and qg;
in the (1/2,0) and (0,1/2) representations of the Lorentz group, respectively.

Gluons, on the other hand, are described by 4-vectors A* that transform in the adjoint representation of SU(3)..
bl) Justify that the following interaction between quarks and gluons
T AM
941,0,49L )

where we have omitted the SU(3). indices for simplicity and g is a coupling constant, is invariant under

both Lorentz transformations and SU(3). transformations. Justify also that the mass term:

quZQR )

where my is a constant, is invariant under both types of transformation.

Hint: Recall the relation Mo, M = AY,0, between M € SL(2,C) and the matrices A in the Lorentz
group. Consider also the tensor products of SU(3). representations involved in each term.

b2) Justify that gluons can be seen as “colour—anti-colour” composite states and describe them in terms of

linearly independent states in the basis |ij), i,j = r, g, b:

Gy =" A%lij),  a=1,...,dim(Ad)
1,J

Justify, in particular, that the matrices A* must satisfy the same properties of the generators of the Lie
algebra of SU(3). and identify the state(s) in this basis that do not describe gluons.

8. a) Indicate the transformation properties of the following tensors under a group SU(N):

wabbc ’ zZ)abcabc (244)

b) Compute the dimension of the SU(N) irreducible representation associated with the following Young tableau
for N =4,5¢ 6.

Also indicate the symmetry properties of the associated tensor.

c¢) In the SU(3) quark model, the fundamental representation ¢; = (u,d,s)T has weights u = (1/2,1/3), d =
(=1/2,1/3) and s = (0,—2/3) relative to the isospin and hypercharge generators (75,Y) of the Cartan sub-
algebra.
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Determine the weight diagram for the irreducible representations in the following tensor products:

3x3, 3x3 (245)

d) Assuming that the singlet meson is described by the state:

1

V3

and that there is only one other flavourless meson that includes the strange quark in its composition, determine

In') (|ua) + |dd) + |s5)) (246)

the states in the irreducible representations obtained in the previous question.

9. Consider the group SU(5) and its Lie algebra.

a) Determine the Young tableaux associated with the following irreducible representations:

1,5,5,10,15

b) Using Young tableaux, decompose the following tensor products into irreducible representations of the group:

5x5, 5x5, 5x 10

¢) The group SU(3) x SU(2) can be embedded as a sub-group of SU(5) such that, for Us € SU(3) and Uy €
SU(2):

U:<U3 0 )e SUG) .
0 Us

Determine the decomposition of the irreducible representations 5, 5 and 24 of SU(5) in terms of irreducible
representations of SU(3) x SU(2).

10. Consider the group SU(5) and its Lie algebra.

a) Using Young tableaux, decompose the following tensor products into irreducible representations:

5x5
5x5
5x 10
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b) Identify the Young tableau corresponding to the adjoint representation from amongst the Young tableaux

obtained in the previous question.
¢) The group SU(3) x SU(2) can be embedded in SU(5) as:

U. 0
U5 = ° )
0 U,

where U,, € SU(n). Determine the branching of the irreducible representations 5, 5, 10 and 15 of SU(5) in
irreducible representations of SU(3) x SU(2) of the form (Rsy (3), Ry (q))-

c¢) Is the Lie algebra of SU(3) x SU(2) simple? Justify your answer.
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