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The spacetime tensor algebra

Let L be a 5-dimensional real vector space endowed with a
real scalar product g( , ) of Lorentzian signature. Use the
vector space L and its dual L∗ to build a tensor algebra T(L)

The spinorial tensor algebra

Let S be a complex vector space whose dimension is for the
moment left unspecified. Use the vector space S and its dual
S∗ to build a tensor algebra T(S)

Notation
We use abstract indices to denote tensorial quantities: small
Latin letters a, b, . . . are indices for elements in T(L) and
uppercase Latin letters A,B, . . . are indices for elements in
T(S).
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We introduce now a mixed quantity γ C
aB which fulfils the

following algebraic property

γ B
aA γ C

bB + γ B
bA γ C

aB = −δ C
A gab,

This relation means that γ C
aB can be regarded as belonging

to a representation on the vector space S of the Clifford
algebra Cl(L, g).
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Theorem

If the quantity γ C
aB belongs to an irreducible representation

of Cl(L, g), then:
the dimension of S is 4.
There exist two antisymmetric spinors εAB , ε̂AB , unique
up to a constant, such that

εAB ε̂
CB = δ C

A ,

γaD
AγaC

B =
1
2
δD

AδC
B − δCAδDB + εCD ε̂

AB .
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The quantities ε̂AB , εAB can be used to raise and lower
spinor indices. Example:

ξAεAB = ξB , ξA = ε̂ABξB .

From now on we set ε̂AB = εAB .
Previous theorem entails the relations

γ AB
a γbAB = −2gab , γa[AB] = γaAB , εABγaAB = 0 ,

γaCDγ
a
AB = εADεBC − εACεBD +

1
2
εABεCD.

Use these properties to transform tensors into spinors and
back. Example:

vAB = γ AB
a va , va = −1

2
γaABv

AB .
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The spin tetrad and the semi-null pentad

Let {oA, ιA, õA, ι̃A} be a basis in in S such that

εAB = 2o[AιB] + 2õ[Aι̃B].

This entails

oAιA = −1 = õAι̃A , oAõA = ιAι̃A = oAι̃A = ιAõA = 0

The basis {oA, ιA, õA, ι̃A} is a spin tetrad. From it we
construct a semi-null pentad {la, na,ma, m̄a, ua}
as follows

la ≡ γaABoAõB , na ≡ γaABιAι̃B ,

ma ≡ −oAγaAB ι̃B , m̄a ≡ õAγaABιB ,
ua ≡ 2oBγaABιA = −2õBγaAB ι̃A.

Hence

lana = 1 , mam̄a = −1 , uaua = −2.
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The curvature spinors

Theorem
The Riemann tensor Rabcf of the covariant derivative ∇a can
be decomposed in the form

Rabcf = Λ(gafgbc − gacgbf )−

−1

2
Gab

ABGcf
CDΨABCD −GabABGcfCDΩACBD,

where
GabAC ≡ −γa(A

B γbC)B .

The quantities Λ, ΩABCD and ΨABCD are known as the
curvature spinors.

The curvature spinors fulfill the identities
Ψ(ABCD) = ΨABCD , ΩABCD = Ω[AB]CD = ΩCDAB ,

Ω C
AB C = Ω C

A CD = 0 , ΩABCD + ΩBCAD + ΩCABD = 0.
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Extension of the 4-dimensional
Newman-Penrose formalism to 5 dimensions

The frame derivations:
D ≡ la∇a , ∆ ≡ na∇a , δ ≡ ma∇a , δ̄ ≡ m̄a∇a , D ≡ ua∇a.

The spin coefficients:
DoA = εoA + dι̃A − κιA + χõA , ∆oA = γoA + eι̃A − τιA + ωõA ,

δoA = βoA − σιA + ςι̃A + φõA , δ̄oA = αoA − ριA + ς̄ ι̃A + υõA ,

DoA = −θoA + ηιA + f ι̃A + ψõA , DιA = aõA − ειA + πoA − χ̄ι̃A ,

∆ιA = bõA − γιA + νoA − ω̄ι̃A , διA = −βιA + µoA + ξõA − ῡι̃A ,

δ̄ιA = −αιA + λoA + ξ̄õA − φ̄ι̃A , DιA = cõA + ζoA + θιA − ψ̄ι̃A.

Twelve Newman-Penrose 4-D spin coefficients

α, β, γ, ε, κ, λ, µ, ν, π, ρ, σ, τ .

Ten complex 5-D spin coefficients

ζ, η, θ, χ, ω, φ, ξ, υ, ψ, ς.

Six real 5-D spin coefficients

a, b, c, d, e, f.

2× 12 + 2× 10 + 6 = 50 real Ricci rotation coefficients.
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Extension of the 4-dimensional
Newman-Penrose formalism to 5 dimensions

Components of the Weyl spinor:
Ψ0 ≡ ΨABCDo

A
o

B
o

C
o

D
,
∗
Ψ0 ≡ ΨABCDo

A
o

B
o

C
õ

D
,

Ψ1 ≡ ΨABCDo
A
o

B
o

C
ι
D
,
∗
Ψ1 ≡ ΨABCDo

A
o

B
ι
C
õ

D
,Ψ
∗
1 ≡ ΨABCDo

A
o

B
o

C
ι̃
D
,

Ψ2 ≡ ΨABCDo
A
o

B
ι
C
ι
D
,
∗
Ψ2 ≡ ΨABCDo

A
ι
B
ι
C
õ

D
,Ψ
∗
2 ≡ ΨABCDo

A
o

B
ι
C
ι̃
D
,

Ψ3 ≡ ΨABCDo
A
ι
B
ι
C
ι
D
,
∗
Ψ3 ≡ ΨABCD õ

A
ι
B
ι
C
ι
D
,Ψ
∗
3 ≡ ΨABCDo

A
ι
B
ι
C
ι̃
D
,

Ψ4 ≡ ΨABCDι
A
ι
B
ι
C
ι
D
,Ψ
∗
4 ≡ ΨABCDι

A
ι
B
ι
C
ι̃
D
,

Ψ01 ≡ ΨABCDo
A
o

B
õ

C
ι̃
D
,Ψ02 ≡ ΨABCDo

A
o

B
ι̃
C
ι̃
D
,Ψ12 ≡ ΨABCDo

A
ι
B
ι̃
C
ι̃
D
.

Ψ00 ≡ ΨABCDo
A
o

B
õ

C
õ

D
,Ψ11 ≡ ΨABCDo

A
ι
B
õ

C
ι̃
D
,Ψ22 ≡ ΨABCDι

A
ι
B
ι̃
C
ι̃
D
,

Five 4-D Newman-Penrose components

Ψ0, Ψ1, Ψ2, Ψ3, Ψ4.

Eleven 5-D complex components
∗Ψ0 , ∗Ψ1 ,Ψ∗1 ,

∗Ψ2 ,Ψ∗2 ,
∗Ψ3 ,Ψ∗3 ,Ψ

∗
4 ,Ψ01 ,Ψ02 ,Ψ12.

Three 5-D real components

Ψ00, Ψ11, Ψ22.

2×(16 complex components)+3 real components=35.
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Extension of the 4-dimensional
Newman-Penrose formalism to 5 dimensions

Components of the Ricci spinor:

Φ00 ≡ ΩABCDo
A
õ

B
o

C
õ

D
,Φ11 ≡ ΩABCDo

A
õ

B
ι
C
ι̃
D
,Φ22 ≡ ΩABCDι

A
ι̃
B
ι
C
ι̃
D
,

Ω ≡ ΩABCD õ
A
ι̃
B
õ

C
ι̃
D
,
∗
Φ01 ≡ ΩABCDo

A
õ

B
õ

C
ι̃
D
,
∗
Φ12 ≡ ΩABCDι

A
ι̃
B
õ

C
ι̃
D
,

Φ01 ≡ ΩABCDo
A
õ

B
o

C
ι̃
D
,Φ02 ≡ ΩABCDo

A
ι̃
B
o

C
ι̃
D
,Φ12 ≡ ΩABCDo

A
ι̃
B
ι
C
ι̃
D
,

∗
Φ02 ≡ ΩABCDo

A
ι̃
B
õ

C
ι̃
D
.

4-D Newman-Penrose components

Real: Φ00, Φ11, Φ22, Complex: Φ01, Φ02, Φ12.

5-D components

Real: Ω, ∗Φ01, ∗Φ12, Complex: ∗Φ02.

2×(4 complex components)+6 real components=14
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Extension of the 4-dimensional
Newman-Penrose formalism to 5 dimensions

Commutation relations:

D∆−∆D = −(γ + γ̄)D − (ε+ ε̄)∆− (π + τ̄)δ − (π̄ + τ)δ̄ − (a + e)D ,

Dδ − δD = −(ᾱ+ β + π̄)D + κ∆ + (ε− ε̄− ρ̄)δ − σδ̄ − (ς − χ)D ,

DD −DD = (−2a + θ + θ̄)D + 2d∆ + (η̄ − 2χ̄)δ + (η − 2χ)δ̄ − fD ,

∆δ − δ∆ = −ν̄D + (ᾱ+ β + τ)∆ + (γ − γ̄ + µ)δ + λ̄δ̄ + (ξ + ω)D ,

∆D −D∆ = −2bD + (2e− θ − θ̄)∆ + (ζ − 2ω̄)δ + (ζ̄ − 2ω)δ̄ + cD ,

δδ̄ − δ̄δ = (−µ+ µ̄)D + (−ρ+ ρ̄)∆ + (−α+ β̄)δ + (ᾱ− β)δ̄ − (υ − ῡ)D ,

δD −Dδ = (ζ̄ − 2ξ)D + (η + 2ς)∆ + (θ − θ̄ − 2ῡ)δ − 2φδ̄ − ψD .

Ricci (Newman-Penrose equations) and Bianchi identities.

Remark
The spin coefficients and curvature scalars were defined in
terms of a spin tetrad, but one does not need spinors to
introduce them and indeed they can be defined with respect to
any semi-null Pentad.
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Extension of the G.H.P. formalism to 5
dimensions

Let L ∈ C and consider

oA → LoA , ιA → ιA

L
, õA → L̄õA , ι̃A → ι̃A

L̄
.

Some quantities behave as weighted quantities under this
transformation.

Z 7→ LpL̄qZ ⇒ Z → Z{p,q}.

Weighted spin coefficients

a→ {0, 0} , e→ {0, 0} , d→ {2, 2} , f→ {1, 1} , c→ {−1,−1} ,
b→ {−2,−2} , ζ → {−2, 0} , η → {2, 0} , κ→ {3, 1} , λ→ {−3, 1} ,
µ→ {−1,−1} , ν → {−3,−1} , ξ → {0,−2} , ρ→ {1, 1} ,
ς → {2, 0} , τ → {1,−1} , υ → {0, 0} , φ→ {2,−2} ,
χ→ {2, 0} , ψ → {1,−1} , ω → {0,−2} , π → {−1, 1} , σ → {3,−1} .
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Extension of the G.H.P. formalism to 5
dimensions

Weights of the Weyl spinor components

Ψ0 → {4, 0} ,Ψ1 → {2, 0} , ∗Ψ0 → {3, 1} ,Ψ∗1 → {3,−1} ,
Ψ2 → {0, 0} , ∗Ψ1 → {1, 1} ,Ψ∗2 → {1,−1} ,Ψ00 → {2, 2} ,
Ψ01 → {2, 0} ,Ψ02 → {2,−2} ,Ψ3 → {−2, 0} , ∗Ψ2 → {−1, 1} ,
Ψ
∗
3 → {−1,−1} ,Ψ11 → {0, 0} ,Ψ12 → {0,−2} ,

Ψ4 → {−4, 0} , ∗Ψ3 → {−3, 1} ,Ψ∗4 → {−3,−1} ,
Ψ22 → {−2,−2} ,

Weights of the Ricci spinor components

Φ01 → {2, 0} ,Φ02 → {2,−2} ,Φ12 → {0,−2}, ∗Φ02 → {1,−1} ,
Φ00 → {2, 2} ,Φ11 → {0, 0} , ∗Φ01 → {1, 1} ,
Φ22 → {−2,−2} , ∗Φ12 → {−1,−1} ,Ω→ {0, 0}
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Extension of the G.H.P. formalism to 5
dimensions

The G.H.P. operators

þZ{p,q} = −(pε+ qε̄)Z{p,q} +DZ{p,q} ,

þ′Z{p,q} = −(pγ + qγ̄)Z{p,q} + ∆Z{p,q} ,

ðZ{p,q} = −(qᾱ+ pβ)Z{p,q} + δZ{p,q} ,

ð′Z{p,q} = −(pα+ qβ̄)Z{p,q} + δ̄Z{p,q} ,bDZ{p,q} = (pθ + qθ̄)Z{p,q} +DZ{p,q} .

Weights of the G.H.P. operators

þZ{p,q} 7→ L1+pL̄1+qþZ{p,q} , þ’Z{p,q} 7→ Lp−1L̄q−1þ’Z{p,q} ,

ðZ{p,q} 7→ L1+pL̄q−1ðZ{p,q} , ð’Z{p,q} 7→ Lp−1L̄q+1ð’Z{p,q}.bDZ{p,q} 7→ bDZ{p,q}.
Remark

Again the GHP formalism can be formulated purely in tensor terms.
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Five dimensional type D space-times

Definition (Coley, Milson, Pravda, Pravdová)

A spacetime of dimension five is of Petrov type D if there is a
semi-null pentad N ≡ {la, na,ma, m̄a, ua} in which the only
non-vanishing components of Weyl tensor are the zero boost
components. The null directions 〈~l〉, 〈~n〉 are the Weyl alligned
null directions (WANDS).

In N the only nonvanishing Weyl scalars are then

Ψ11 ,Ψ2 ,Ψ02 ,Ψ∗2 ,
∗Ψ2.
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The class A (Collaboration with Lode
Wylleman)

Definition (the class A)
Consider a five dimensional Einstein space-time

Rab = −4Λgab ,

and assume further that its Weyl tensor is of type D and
invariant under rotations on a 2-dimensional space-like plane
orthogonal to the WANDS (spatial spin isotropy). Then we
say that such a space-time belongs to the class A.

Under the assumptions of the previous definition one can
choose a semi-null pentad such that only the Weyl scalars

Ψ11 ,Ψ2 ,

are non-zero.

Remark
In dimension 4, A = D but in dimension five A ⊂ D
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The classification of A

For the class A the only non-vanishing curvature scalars are
Ψ11, Ψ2 and Λ (which is a constant). Our formalism yields

Class A sub-types.
Sub-type A-I A-II A-III A− A+

Relation Ψ11 = 0 h1 h2 Ψ2 = −2Ψ11 Ψ2 = 2Ψ11

h1 ≡ Ψ2 = Ψ2 , Ψ2Ψ2 6= 4Ψ2
11 , Ψ11 6= 0 ,

h2 ≡ Ψ2Ψ2 = 4Ψ2
11 , Ψ2 6= Ψ2.

• A-I: ds2 = (dx5)2 + f(x5)g̃µνdx
µdxν , g̃ 4-dim type D Einstein

space.
• A-II: ds2 = (dx5)2 +

ds2Σ
f(x5)2

+
ds2Θ
g(x5)2

, ds2
Σ, ds2

Θ constant curvature
2-spaces.

• A− and A+ (A, B, C, constants):
(A−) : ds2 = −(1+Br−2+Cr2)dt2+(1+Br−2+Cr2)−1Adr2+r2dΩ2

−,
(A+) : ds2 = (1+Br−2+Cr2)dt2+(1+Br−2+Cr2)−1Adr2+r2dΩ2

+,
dΩ2
− (dΩ2

+) Riemannian (Lorentzian) constant curvature 3-spaces.
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The sub-type A-III (Ψ2Ψ2 = 4Ψ2
11, Ψ2 6= Ψ2)

This is a completely integrable system of differential
equations in the variables Ψ11, Ψ2, c, ψ, ψ̄, f, and e.
This is a complex class which splits into different
sub-types. The full integration of all of them is a difficult
problem. The Kerr-NUT-AdS 5-dim black hole is in this
sub-type (Taghavi-Chavert 2011). What else can be
found ? Type D black rings ?
The particular sub-type e = f = Λ = 0 has been studied
and reduced to a system of PDE’s. This is a family of
metrics having 3 commuting space-like Killing vectors ~ξ1,
~ξ2, ~ξ3 generating an everywhere null distribution.
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Conclusions

Our NP and GHP formalisms in dimension five enable us
to find new exact solutions of the Einstein Field
Equations. Explicit integration methods are, however,
required.
Similar studies can be attempted for other five
dimensional type D Einstein spaces (for example
analysing different invariance groups for the Weyl tensor
compatible with its algebraic type).
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