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The spacetime tensor algebra

Let I. be a 5-dimensional real vector space endowed with a
real scalar product ¢( , ) of Lorentzian signature. Use the
vector space L and its dual I." to build a tensor algebra <(L)

The spinorial tensor algebra

Let S be a complex vector space whose dimension is for the
moment left unspecified. Use the vector space S and its dual
S* to build a tensor algebra T(S)

Notation

We use abstract indices to denote tensorial quantities: small
Latin letters @, b, ... are indices for elements in (L) and

uppercase Latin letters A, B, ... are indices for elements in
<(S).
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We introduce now a mixed quantity ~, ;< which fulfils the
following algebraic property

>

3 >
>

_Cc,. B
YoB T Vpa

v

I C c
YaA YaB T —0 A Yab;

This relation means that -, , can be regarded as belonging
to a representation on the vector space S of the Clifford

algebra C'I(L, g).
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If the quantity +, ,,“ belongs to an irreducible representation
Spinors in a ~1/
5-dimensional Lorentzian Of ( ](L (/) P then

vector space

@ the dimension of S is 4.

The curvature spinors

Newman-Penrose and o There exist two antisymmetric spinors ¢ 1z, ¢, unique

G.H.P. formalisms in 5

dimensions up to a constant, such that

Five dimensional type D

space-times i ~CB c C

The class €EABE ~ =04

Conclusions A B L A¢ B s A¢ B ~AB
Yap V'c” = 56p"0c” —6c"0p” +ecpe .

2
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@ The quantities ¢*”, ¢ 5 can be used to raise and lower

spinor indices. Example:

A
§heap =&, ¢

From now on we set ¢/ = 47,

@ Previous theorem entails the relations

~ AB_ o ‘ A~ _ .a AB_ a o
Yo WAB = —2Gab ;7 [AB] =7 AB» € Yap =0,
) 1
a - . - . . -
YaCDVY AB = €EADEBC — €ACEBD + 5(,15((1)-

@ Use these properties to transform tensors into spinors and
back. Example:

AB AB, a a 1 AB

v — A o — A

X .G -
la v, o 9/ AB!
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The spin tetrad and the semi-null pentad

Let {0, /. 6", i"'} be a basis in in S such that
€AB = 20[aLB] + 20[AlB]-

This entails

oMy =—-1=056"%4, o0%a=1ra=0"4=1"%4=0

The basis {0, /", 0, i"} is a spin tetrad. From it we

a a

construct a semi-null pentad {1 n® m* m® u*}

as follows
1@ = ,\/(1 ABO;’\(N)/) 7 nd = A/(IABI,J\[NI) ,
me = 70‘4’\)”;"\B/~]> Mt = 6‘4";”‘1311),
wt = 2()BA,"HVAL>”'A _ 72(3[)’,\/ (LAUFA

Hence

a, I a, — A A, — ¢
“ng =1, m%m,=-1, uu,=—2.
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The curvature spinors

The Riemann tensor %, of the covariant derivative V,, can
be decomposed in the form

Raves = A(gatgbe — Jacgof) —

1 AB cD AB cD
*3(1”1; Ger "VaBcep —Gap” " Gey QacBbD,

where

~ab a B b
T

_ )
AC = —7 (A Y C)B-

The quantities \, Q) apcp and V ipcp are known as the
curvature spinors.

The curvature spinors fulfill the identities
Viapepy =¥Yapep, Qascp =Qupiep =8cpaB,

c c
Qg c=Q4¢cp=0, Qapcp +QBcap +Qcasp =0.
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Extension of the 4-dimensional

Newman-Penrose formalism to 5 dimensions

The frame derivations:

D=1°V,, A=n%V,, 6=mV,, 6=mV,., D=uV,.
@ The spin coefficients:
Doj =cop +0ia — kta +X04, LDoa =7v04+¢elg—Tiag+woa,

o4 = Bos —ota+cia+dda, doa=aoq —pta+3Sla+voy,,
Doa = —0oa +mLa +fia+oa,

Atg =bog —yia +rv04 — DIy ,

Dip =004 —€Lpg +m04 — XlA ,

dta = —PLa +pos +E&64 —0ia,
OLp = —aLpg +Xog +E04 —Pla, Dig

04+ Coa +0Ly —Ply.

Twelve Newman-Penrose 4-D spin coefficients

a, B, v, €& K, A\, 4, V, T, p, O, T.

Ten complex 5-D spin coefficients

G b xow, ¢, & v, Y, <.

Six real 5-D spin coefficients

a, b, ¢ 0 ¢ f

2 % 1242 x 10 + 6 = 50 real Ricci rotation coefficients.
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Extension of the 4-dimensional

Newman-Penrose formalism to 5 dimension

@ Components of the Weyl spinor:

Uy = \l’,\r;(rr)()—\()“()('ﬂ()” Wy = ‘l/,\r;(rr)()-\()“()(’f)” ,
v, = \l’,\r:(‘ry()Ao“oC/“ LUy = \l"\r;(rr)()—\()”/('ﬂ()” .\l"] = ‘l"\r;(«r)()-\u“r)(’f/)
Wy = \TIV‘L}('];)()"\()n/(‘/,r) R — ‘T’A\L;('D(Y\/,n/(’(3/7) .\T/é = ‘TIV‘L;('];)()"\()nf(‘/ir)
U3 = \]/4/;(<,>()‘\/,B/,(V/D , T Wg = \Il_\,;(v/)(D“/B/('/D J— ‘IJ_\/;(',;()"/U/(‘/‘U X
Uy =W \/;(r/;/'x/“/,(:’/” A‘l’: = \l’,\m‘/)/A//;/C‘f”‘
Vo = \1/7\[)»(vD()‘\()Df)(’ZD ,Woo = \I/AB(VDU"\UBI(TD ,Wis = \IfA\B(vpo'\/Df(’fn.
Woo = ‘l/,\r;(‘rm'\()“f)(’f)“ ,WUi1 =V apeopo \/“6( P ,Woos =W apeoptl” /“7(’?“ s

Five 4-D Newman-Penrose components

Vo, W1, Vg, U3, Uy

Eleven 5-D complex components

*Wo , "Wy ¥y, "W W5, *W3 , W3 V) Vo ,Vpo2,Vio.

Three 5-D real components

Yoo, Y11, Yao.

2% (16 complex components)+3 real components=35.
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Gémez-Lobo Pog = Qapcpo 06°076" , P11 =Qapcpo 6 17T ,Pos =QapoptT i,

~A~-B ~C~D A~B ~C~D X
QO =Qapcpo i 6 1", "®g1 =Qapcpo 0661 , P1o=Q4

A~B ~C-D
BCDL L 0O L .
Spinors in a

i h . A~B C.D A-B _C-D A-B C.D
LN PPN RIS ©01 — Qapcpo 0 0 1 ,Po2 = Qapcpo i 0 17 P15 = Qapcpo 170707,
vector space

A~B ~C~D
“Poo = Qapcpo’ 67T .

The curvature spinors

Newman-Penrose and
G.H.P. formalisms in 5
dimensions

Five dimensional type D
space-times

4-D Newman-Penrose components

The class Real: ®qg, P11, P22, Complex: Pg1, Po2, Pia.

Conclusions

5-D components

Real: €2, "®g;, "®5, Complex: " ®gs.

2 (4 complex components)+6 real components=14
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Extension of the 4-dimensional

Newman-Penrose formalism to 5 dimensions

@ Commutation relations:

DA — AD = —(5 />7(e+e —(n+7)6 — (F+7)5 — (a+¢)D
D§ — 6D = —(a+ T)D + kA + (e E—p)d—o0d—(s—x)D,

DD — DD = (—2a+ 60 4+ 0)D + 20A + (77 — 2X)6 + (n — 2x)d — D,

A —0A=—-DD+ (a+B+1)A+(y—F4+p)d+ AN+ ({+w)D,

AD — DA = —2bD + (2¢ — 0 — O)A + ({ — 20)5 + ({ — 2w)d + D,
36 -85 =(—p+a)D+ (—p+p)A+ (—a+pB)5+ (a—p)5— (v—0)D,

D —-—Dé6=(C—2) D+ (n+2¢)A+ (0 —0 —20)5 — 2¢0 — YD .

@ Ricci (Newman-Penrose equations) and Bianchi identities.

The spin coefficients and curvature scalars were defined in
terms of a spin tetrad, but one does not need spinors to
introduce them and indeed they can be defined with respect to
any semi-null Pentad.
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Some quantities behave as weighted quantities under this
transformation.

The curvature spinors

S Formatns s Zw— IPLYZ = 7 — 7109,

dimensions

ed spin coefficients

Five dimensional type D

space-times

The class

a— {0,0} ,e— {0,0} ,0 — {2,2} ,f — {1,1} ,c — {—1, -1},

b — {—2,-2},C — {—2,0} ,n — {2,0} ,k — {3,1} ,A — {=3,1} ,
pw—{-1,-1} ,v - {-3,—-1} , £ — {0,—2} ,p — {1,1},

s —{2,0} ,7 — {1,-1} ,v — {0,0} , ¢ — {2, -2},

x — 12,0} , 4 — {1,-1} ,w — {0, -2} , 7 — {—1,1} ,0 — {3, -1} .

Conclusions
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vy — {0,0}, "¥; — {1,1} ,¥5 — {1,—-1} ,¥go — {2,2},
Spinors in a Vo1 — {2,0} ,¥p2 — {2,—-2} ,¥3 — {—2,0}, "¥y — {—-1,1},
5-dimensional Lorentzian
vector space Wa {-1,-1} ,¥y; — {0,0} , ¥4 — {0, -2},
The curvature spinors vy — {—4,0}, "¥3 — {-3,1} ,¥, — {-3,—-1},
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Wi —> =2, =2}
Weights of the Ricci spinor components

Po1 — {2,0} , Po2 — {2, -2}, P12 — {0, -2}, "Pgs — {1,—-1},
Poo — {2,2} , P11 — {0,0}, "Po1 — {1,1},
Doy — {—2,-2}, TPy —» {-1,—-1},Q2 — {0,0}
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I 7{p,q} __ _ —\ 7{p,q} —7{p,q}
Spinors in a_ bzt =-(r+a7)Z +AZ )
-dimensional Lorentzian i
vector rane ; dzirat — —(qa + pJ)Z{’”"l NP yALI
The curvature spinors 6/Z{,u/} _ 7(1)(] + qg)z{;m/} + SZ{/M/; A
Newman-Penrose and . -
G.H.P. formalisms in 5 ’DZ{I)-‘I} - (/)0“!’(]0)2{/“,} A’DZ{I)-‘I} .

dimensions

Five dimensional type D
space-times y

Weights of the G.H.P. operators

The class

Conclusions

pz{pat o piteplitapzinad pzivad o pp-1pa-1p zir.a}
BZ)‘/"‘/} — [tprra laz{,u/} .612{1).([} — [P 1[ad Iavz{[).([}'
pziv.at , pyip.al

Again the GHP formalism can be formulated purely in tensor terms. l
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Five dimensional type D space-times

Definition (Coley, Milson, Pravda, Pravdova)

A spacetime of dimension five is of Petrov type D if there is a
semi-null pentad N = {1, n“, m®, m", u"} in which the only
non-vanishing components of Weyl tensor are the zero boost

components. The null directions (L), (11) are the Weyl alligned
null directions (WANDS).

In NV the only nonvanishing Weyl scalars are then

\I’H s \112 s \I/()g \I/_) s *\Ilz.
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The class A (Collaboration with Lode

Wylleman)

Definition (the class .A)

Consider a five dimensional Einstein space-time
R(:/r — *44\,(/(1/) 3

and assume further that its Weyl tensor is of type D and
invariant under rotations on a 2-dimensional space-like plane
orthogonal to the WANDS (spatial spin isotropy). Then we
say that such a space-time belongs to the class A.

Under the assumptions of the previous definition one can
choose a semi-null pentad such that only the Weyl scalars

Wi, Uy,

are non-zero.

In dimension 4, A — D but in dimension five A C D




The classification of

entro de Matematica
de do Minho

N o For the class A the only non-vanishing curvature scalars are
Gl Rerers Wy, Wy and A (which is a constant). Our formalism yields

formalism

Class A sub-types.

Sub-type  A-I ATl A-TII A~ AT
:_"J?,:‘:n;?o:ﬂ P . Relation \Tl] 1 = 0 }Ll }1,2 \Tlg = 72\111 1 \T’Q = Q\Tﬁ 1
vector space
The curvature spinors hi =Ty = U,y : UyWs £ 4@?] . Uy #0,
yriiy iyt hy = Ualy = 402, | Ty £ s,

dimensions

Five dimensional type D

space-times

Todhs o A-I: ds® = (da)? + f(2°)guodadz”, § 4-dim type D Einstein
The classification of the space.

P o A ds* = (dz®)? + ,;[,i)z + (/;1,(:))3 ds%, ds? constant curvature
2-spaces. o o
o A and A" (4, B, C, constants):
(A7) : ds? = —(1+Br=24+Cr?)dt? +(1+Br—2+Cr?) "1 Adr? +r2dQ2 ,
(A1) : ds? = (14+Br=2+Cr?)dt?>+(1+Br=2+Cr2) "1 Adr2 +r2dQ2 ,
d©? (dQ7) Riemannian (Lorentzian) constant curvature 3-spaces.
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The sub-type A-IlI (

@ This is a completely integrable system of differential
equations in the variables U, W5, ¢, ¢, ¢, |, and ¢.

@ This is a complex class which splits into different
sub-types. The full integration of all of them is a difficult
problem. The Kerr-NUT-AdS 5-dim black hole is in this
sub-type (Taghavi-Chavert 2011). What else can be
found 7 Type D black rings ?

@ The particular sub-type ¢ = { = A = 0 has been studied
and reduced to a system of PDE's. This is a family of
metrics having 3 commuting space-like Killing vectors &,
&, 5 generating an everywhere null distribution.
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Conclusions

@ Our NP and GHP formalisms in dimension five enable us
to find new exact solutions of the Einstein Field
Equations. Explicit integration methods are, however,
required.

@ Similar studies can be attempted for other five
dimensional type D Einstein spaces (for example
analysing different invariance groups for the Weyl tensor
compatible with its algebraic type).
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