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Motivation

Motivation

» Black Hole (BH) interiors should be modified by Quantum Gravity effects at the
Planck scale to avoid the formation of singularities.

» Classical Gravity theories with Planck scale corrections may provide a glimpse of
those changes and of the elements required to find an effective description of the
Quantum Gravity dynamics.

» Examples of Classical Gravity Theories containing higher curvature invariants
naturally arise in various scenarios such as low-energy effective actions of string
theories and perturbative approaches to quantum gravity.

» If those theories are formulated a la Palatini, i.e. assuming that metric and
connection are independent objects, the resulting theory and solutions are
completely different from the usual (metric) approach.

» In the usual metric approach, where the connection is the Levi-Civita connection,
higher-order curvature invariants induce new dynamical degrees of freedom such
as higher-order derivative equations and/or scalar and vector degrees of freedom.

» In Palatini theories of the form f(R, Q) (with Q = Ry, R*” and R = Ruu),
however, no new degrees of freedom appear. The vacuum equations coincide
with the egs. of GR and the modified dynamics only arises in regions containing
matter/energy sources.

» This is due to the active role played by the matter in the construction of the
connection.
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Motivation

» In f(R) the gravitational dynamics is modified by terms depending only on the
trace of the energy-momentum tensor

> In f(R, Q) there is a dependence on T, so even for Trace = 0 new effects are
found.

» In Palatini, this family of theories yields the usual Einstein-de Sitter equations in
vacuum (GR+A) but exhibits modified dynamics even for traceless matter
sources. For this reason, the simplest extension of the usual black hole solutions
of GR could be found in this family of theories.

» Electrically charged black holes provide the simplest and best tractable models
to explore Planck-scale effects.

> Nonlinear electrodynamics for the f(R) case and standard Maxwell
electrodynamics for f(R, Q) theories are the natural choices to obtain BHs with
electric charge.
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Main elements

>

Let be the action

1
S= 5 [ IVTEA(R Q) + Snlgi. ]

where Ry (T) = =813, + O\, + TR, Toy = T2,10
» Variation w.r.t. metric and connection yields:

Metric: p

frRuw — 5 8uv + 2fQRuaR%, = 52 T
» Connection:
Vs [V=g (frg"” +2fgR*")] =0

» Defining P.” = Ruag®” the metric field equation becomes

f
faPu” = 504" + 2fPu"Pa = K2 T,
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> Using matrix notation this is equivalent to:

~ ” fa a
2fP? + frP — 5= k2T
which implies that R = Tr[P] and Q = Tr[P?].

» Using this information, we find rg,, = Levi-Civita of huv, with

g ra”
h*Y = (XY = frOY + 2foPo”

Vdety & T RlaT o0

> Now expressing gur = %, “hav/VdetX the Ricci tensor R, () = Ruv(h) is

1 f
Ri(h) = ——=(56}, + &*(T})))
. \/detZ 2" .

where R,”(h) = Ryua(h)h*
> This equation determines the dynamics of Palatini f(R, Q) theories
» The RHS is completely determined by the matter.

In vacuum, R,”(h) = NS, yields the same solutions as GR.
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Palatini f(R) black holes with nonlinear electrodynamics

» Action 1 1
S= —/d"xx/—gf(R)-i- —/d4X\/—g4p(X, Y)
2K2 8
where X = —1F,gF*% = E2 — B2 and Y = —}F,3F**% = 2E - B, with
Fxuv = LervaBF 5 and E and B the electric and magnetic fields.

> Now frRu. () — gg,“, = k2 Ty implies

Rfg — 2f = K°T
so R =gt Ry, = R(T). Using hy, = frguw.

» Since the f(R) modified dynamics is due to the T—dependent terms, Maxwell's
electrodynamics yields the same solutions as GR+A.

> Non-linear theories of electrodynamics (NEDs) can yield T # 0.
> NEDs with T # 0 can be used to probe Palatini f(R) BHs dynamics.

»> NEDs provide the simplest non-standard solutions to spherically symmetric
spacetimes in Palatini f(R) theories.
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» The electromagnetic field equation is obtained as

2
q
Vi (oxF™ 4+ oy ) =0 — 3 X = %
for a purely electric radial field (X = fgttg,,(F")z)
» The energy-momentum tensor may be written as
T#V:i (%_¥¢X)/ 0
47 0 21
and the Einstein equations to be solved are written as
f w2 (o ~ N
1 ([5+5 (8 —Xex)|1 0
Ru¥(h) = — a 2 13
f2 0 fr ol
R 27T 8r?

» Trace of the energy-momentum tensor

1
T = ¢ — Xexl
vy

must be non vanishing.
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» There are two choices for the system of coordinates

> For guu: ds? = gydt? + gpdr? + r2dQ? (used to obtain X).
> For hy, (which is the Levi-Civita connection of the metric):

g = L —A(P)e?Pde? + ar + PdQ?
fa A(F)
2 #e?(?) F 2
> Where r2 = %R, gt = _A(r)f; " Brr = (C;l\r(é;i;g)

> We solve for the metric h,, and then use the conformal transformation back to
the physical metric gy,,,. Determine two functions 1 and A.

R — RI gives 1) = constant.

Defining A(F) = 1 — 2M(F)/F and using 2 = r?fz we find in terms of the
coordinate r:

2
(r+5e)?
M=~ ") (fR+ffR7>
' af)? 2

Given gravity (f(R)) and matter (¢(X)) this provides a complete solution.

2
» Note that the GR limit is recovered when fr — 1 — M, = —%rz Tt
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» Gravity:
2
f(R)=R fR_l:I:—R—— 2T
Rp’
— fr may vanish at some curvature radius Rp.

2.4
> Matter: We take the Born-Infeld lagrangian (r* = qﬁ—;

X Y?2
P(X) =2p° <1—\/1 62—464>

as the NED source, which has a non-vanishing trace:

2 1
2m\[1+ e z
and energy
8 (VFT1 /oo ) 3/251/2
Th=C00 -1 — =4 drr* T (r, —_—
f= 2 (5 o) =4r [ P Tirq) = S
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Study of f(R) = R+ R?/Rp

» Writing the metric as

2M(F
AF) =1 MO
M(F) can be obtained as (remember that r? = %)
S M(z) VR
Miz)=——— = 1+—G
()= + 6
oo ~
G(z) = —/ dz' M,
z

» The function A is expressed in terms of the physical metric as

Az) = ~ [1 - (1”1"‘(2))}

fr Sy2f )2

(z = r/v,7 = \/B/q) where the only adjustable constants are

e s
8y = 2(4m)3/* (L") ¢r‘7;52 = (4m)M/* (ﬁ) \/5
rs Ig rs rg
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» The Born-Infeld-GR black holes

Alz]

0c=—1/Cer
5,=-1/87Cer

-02

/ / 02 04 06 08
-04

z
10 12 14

where Cgp is the energy of the Bl field times a constant.

» The Kretchsmann scalar Kret = Ry 45 RB79 is obtained when 14 Cgrd1 = 0 as
1 1 2 13
Kret(z) = —5— | 5 — =5+ —=+...
=) = Temazcz, <z4 32 ' 15 )
so it goes as ~ 1/z* as compared to the general Bl case ~ 1/z% and the GR-RN
case ~ 1/28.
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» For astrophysical black holes with low charge to mass ratio (61 < 1), the
existence and location of the outer horizon is only slightly modified as compared
with the GR case.

> Horizons obtained through the cuts between the curves 1 + §; G(z) and 5ng;/2.

146,G[2]
10]

osf

-20!

. L. . 3273/2¢2,3 . . .
» There exist a critical value lé”t = T" where C is an integration constant,
5
1
87

> A>7/2and Iz > Ié’it two horizons,
> A=m7/2and Ig > /é’it two horizons (innermost approaches the center).

that in the GR case Cgr = —z=¢l.

> X < m/2 up to one horizon.

» The Kretchsmann invariant diverges as ~ z%,. Same as minimum divergence as
in BI-GR.
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Study of f(R) = R — R?/Rp

> A similar analysis as in the f(R) = R + R?/Rp case leads to several conclusions:

> fgr vanishes at some small zy — the metric is only defined beyond z.
> There are always two horizons: inner 4 outer.
> The strength of the singularity through the Kretschmann invariant is

softened: it diverges as ~ [k

M(z}/Mo
0.5]
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Conclusions:
> No extra degrees of freedom are introduced: Palatini f(R) only deforms existing
solutions.

» External horizons are almost placed at the same locations as in GR, at least for
macroscopic black holes.

> In the f(R) = R + R?/Rp case additional inner horizons may arise. Singularities
not softened.

> In the f(R) = R — R?/Rp case the singularity is shifted to a finite radius ry,
diverging as ~ 1/(z — z;)? and two horizons arise in all cases.

» This motivates us to search for more extensions of the gravity sector in order
to study quantum effects at Planck’s scale.
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Palatini f(R,Q) black holes with linear electrodynamics

» Basic equations

1

v _ f v v e 0'7’/\ 6
Rih) = = G+ moNE= (T %)

where we have defined o+ = (%R + \/%)\i>, A =1 <f+ By + 5 ) and

3= <f+ i T 2o - 2X<px]>

» and defining

&
[N
Il
I/~
|
>
~
~

. 1 F2
)et@ar2 ¢~ g2 ) + g2
ot A(F) o_

> One finds that ¢(¥) =constant and A(F) =1 — 2M(7) satisfies:
r

2 1/2
(f+f790> r’o’’ 14 ro_r

M, =
! 4o, 20172

> This is the general expression for the mass function M(F) in f(R, Q) theories
coupled to an arbitrary NED ¢(X).
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> Gravity:

f(R, Q) = R+ aR%/Rp + bR, R"" /Rp
> Matter: Maxwell lagrangian ¢ = X = F,,, F*V.

» Metric components:

1+(51G(Z)
Alz) = 1-— 1
dozo’
AR, 1 (dx\? oy 1
g = o+ & = Aci \dz) ~ o_ A(2)

» Expansion around the center:

gtt%%<\/zlj+%\/ﬁf“.>fl (175—1>7<17@) (z=1)+...

> But good news, for 14618 =0 (8 ~ —1.748)

~oifis L 1+-2 ) (z=1)+
g"”_z( 6zﬁ)_<+352ﬁ>2_

finite!!l.
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> Kretchsmann scalar in the case (1 + ;3 = 0)

88 64 64 (68 + 14736, +9083%62) (z — 1
Y Raprs ROPYO = <l6+ o8 + %>— ( %5 (75) 2)( Db,
finite!!!
> Several gravitational configurations depending on 41 and §2.
» Singular solutions (1 4 613 # 0):

Black holes with two horizons (RN).
Extreme black holes (RN).

Naked singularities (RN).

Black holes with a single horizon.

vvyVvyy

> Nonsingular solutions (1 + §18 = 0):

> Black holes with a single horizon, without singularities and metric finite at
the center.

> Solutions without horizons, but without singularities.

> The turning point is found at (1 + 623 = 0) (very small values of charge).
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Nonsingular Black Holes (arXiv:1112.0475 [gr-qc])

The charge-to-mass ratio is fixed.

No curvature divergence and the geometry near z = 1 (core) is Minkowskian.
All the charge is accumulated in the surface of a core of radius ~ \/rqlp.
Mass is quantized in Planck’s unit (times the number of electric charge).

Area of the core and of the horizon are quantized as well.

vV vy vVvVyVvVvyVvyy

The density of the core is constant and of order Planck’s density.
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Conclusions

» Palatini theories generate modified dynamics without adding new d.o.f.

> In f(R) there is modified dynamics for sources with T # 0.
> In f(R, Q) the modified dynamics arises even if T = 0.

> To probe the effects of the Palatini f(R) dynamics on BH structure Non-linear
Electrodynamics (NEDs) with T # 0 is necessary.

» The form of the metric for arbitrary f(R) and ¢(X) has been found.

> A particular solution for a given f(R) and ¢(X) (Born-Infeld) was obtained and
its properties characterized.

> The extension of the formalism to f(R, Q) theories is also obtained.
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