
STANDARD MODEL -I

LECTURE I

① Group Theory elements
such groups → Young Tableau

② Standard Robot : Yang - kills theories
,
QCD

EW
, flavour , mass generation
-

Higgs mechanism③ Brief intro to Perturbation theory .

Feynman Rules : amplitudes
, ✗secs and decay Widths

ee-see

④ BS11 : Neutrino masses
, seesaw mechanisms

• tone Higgs bosons → extended scalar
sectors

• Uptoquarks (G-2)
µ in , RYj , 182k



• supersymmetry

For Group Theory

"

Group Theory in a Nutshell for Physicists
"

A. Zee

Princeton University Press . Princeton and Oxford



General properties of Lie Groups and lie Algebras

Definition 1

A group 6 is a set with a map 6×6 > or

known as group multiplication satisfying the

following properties :

• Associativity : (G.h) .I = 8. (hl), too
,he £6 ,

• Identity : fees : e.8=8 ltgeo
,

• Inverse : V-gc-ot.gg : G
'
. g-- g. g

'
= e

In particle physics we are interested in

group representations ,
which define a concrete

realization of group transformations .

Eg : y s y
'
-

- V4 o

4 → 41 = e.
"""Y UG)



Definition &

A group representation R is a map that

associates to each group element a linear

transformation acting on a particular vector

space V ( real or complex ) :

R : 6 > GL1V)

⇐
Linear Group ;

Transformations
acting on V .

where dim (A) = dim IV)

Reducible representation :

R is reducible it and only if there

is a subspace UCV left invariant
by group transformations, i. e.

Mlg) it C- U Hutu and ltges .



If there is no UCV,
the R is said

to be IRREDUCIBLE ,
or an irrep. of 6 .

Inreps . are very relevant in particle physics .

Definition 3

A Lie group is a continuous

group , i. e., in which all elements

GE5 depend continuously on a

continuous set of parameters

9=9101, ✗ = {✗a} , a
= 1 . .

. IN

The identity element e is taken to be

e = Gta)
✗ =0

✗=o > Origin of the space of parameters



such that for any R

R19) = 11

4--0

Let us Taylor expand Bla) in the

vicinity of the identity element :

Rfda) = I11-0RK
) daa + . . .

W D ✗a 0=0

Infinitesimal
change in④

I 11 + i×ad✗a+ .
. .

✗
•
= - i 8 mg >

GROUP

Ma
o=o

GENERATORS

✓

RIG) > Representation of a group

element arbitrarily close to
identity



V

Included such that, for Unitary representations

one has Rtf) Rca ) = 11

Groupmultiplication allows one to

obtain any other element of the group

as :

Rca ) = l¥!fi+i×:?)
"

=

eitswhhedxa-l.im
✗a

two k V

Exponential parametrization
✗
a EIR of group elements

For unitary representations

12th ) Rh ) = 11 ⇒ e-
iÑ×a eixaxa

= 11

⇒ * = a)
+

⇒
GROUP GENERATORS

ARE HERMITIAN OPERATORS



STRUCTURE CONSTANTS

consider two destino linear combinations

of group generators

✗aÑ =/ Paya

using the exponential parametrization
KIM KIM RIS)

@iaa×aei%Xb isaxaf.GE=

Egg multiplication
ñÉTÉ
element element element

continuity and differentiability of

group elements allows one to find {sa}
by expanding the above relation .

iSa×a=kg[ + e
"""ei% - 1) _=lgµ+k)
he



For small K one has :

K2
1cg (1+11) = K - a + . . .

Thus , up to

quadsati-cosdery-eitaxaeipsxb-y-4-iaat-zkaxa.it
. .)H+iBÑ- £113137 . .) - I

= iaaxa-ipaxa-aaxapsxb-1.ua/iY-JfR.XF+ . . .

And hence :

iGaXa__ iaati-ipgxb-aaxapsxb-tgkaxaj-I.LI?Xbj
- £[h+iaaxaµ+i%xs) - if
= iaat-ipsxb-aaxapsxb-j.la/ij-IlPsxT
-{ +iaaxa-ipsxb-f-i.it?



=iaat-ipsxb-aaxapsxb-EET-I.fi?xT+IKaxa-BXb)d-1 . . .

ÉÉÉÉ+£aax•Bxs+£B×ka×"

= ilaa -1Pa)Ñ -£aaÑBÑ + £ 13×4×4 . . .

= i Ha -1Pa)X
"
-£ -4×913×1-1 . . .

TEENIE
Canute in general

Then :

isafe- ilda -1Pa)Ñ= - £[aaX•, BX1 ⇒

☒axa, Psi] = -ai ( Sc -9- B)I -=iKX

⇒ [date, 13×1 = i%X '

which must hold for any choice of

✗a
/ 13 and to parameters



we then note that , choosing the
constants

fat.cat?g-- to

aaPs[XYÑ]=iKXC⇒

Eats -1×9×5] = if.cn#Xc

⇒ -1×9×1 = if"×c

The antisymmetry property of the
commutator

,
ii. e.
, [A,B) = - [Bit]

then for = - fsac

Antisymmetric in the first two in.dies



The fate are known as the

group structure constants

and define the Lie Algebra IE) of

the group 6 desribed by the

above commutator [+9×4 if"✗c
IT; ij)=I,iEijust

The structure constants are an

intrinsic property of the Lie Algebra

and are solely determined by the

group multiplication and by

continuity .



Proposition 1

For unitary group representations

the structure constants are

real
.

Demonstration

we have seen above that, for

unitary group representation> the

generators are hermitian, i. e.,

= It
.

Then
,
on one hand we have :

www.t.oxej-iqa.g#qcj---ei(fasc)*yc



on the other hand we know that

-1×9×1:(

xaxs-xsxaj-HXT.tt/sxaj--*iTxai-Ix9TxI--xsxa-xH--Ex3xa
]= if

>•

axe

= -ifabc×c

then :

-it"9*Ñ= - if
•"

×
'

⇒

(fate)*=fab°⇒f""c- IR
☒



Exercise : prove
the Jacobi identity

.

[+941×1]+1×3 -1×5×93+4, -1×9×11=0

Adjoint Representation

The structure constants can be

used to define the adjoint rep
②i) "" = iEir

as

f-a)
"

± ifasc

which are µ ✗ µ matrices

Proposition 2

The Ta matrices satisfy the

commutation relation of the

corresponding Lie Algebra, i. e.
[T9F]= i taste



Demonstration

Let's expand the commutator :

T.TT/-bj--(ToeTb-TsTajd--TF(T3"

- (F)
"

IT9
"

= e- face ; fled- I flee; feed
= - facefled + fscefaed

Now note that
,
for the generators

[+91×3×1]=-1×9 if
"
✗d)

= it
"

-1×9×1
=
- f
"

fadeye



Using the Jacobi identity
:

[+941×1]+1×3 -1×9×93+4, -1×9×11=0

- µbcdfade+ ftadfbde-fabdfc.de/ye=O

⇒ gbcdftde-fcadfbde-fabdfcd.ee = 0
dL > e de >e de se

⇒ fbcefted-fcaefbed-fasefced.no

⇒ f"ef•
"

- face fse•= - fasefeed
Then :

[1-91-5]
"

= -fabefiea-fasef.ec/d



= i fate f-eyed

⇒ [ Too, I] = ifasc To

☒

Definition 4

A sub- algebra AC1H is a linear

space defined as

V44 c- a [X , 4) c- A

•• A sub - algebra is abelian if

VI.YEA [X , 4) = 0

( the same applies to the fall {G))



• A sub- algebra is an ideal if :

V-xen-V-zeg.co, [✗it]Et2

and a proper ideal it
,
in addition

I7T-1GI , {0}

> an ideal can be thought as a subgroup

of 6 .

> Proper group : A group is
denoted

improper if its subgroups
are just

itself and the identity . All other

groups are called proper .

Definition 5

A Lie Algebra is simpler if it does not

contain any proper ideals and semi- simple
if it does not contain abelian ideals

except {03 .



Theorem 1 :

A Lie algebra is semi -simple it andonlyif

{ =L
,
④ - " ④I

µ

where Li
,
i = 4 . . . ,

µ are simple algebras

Proof :

This is not a full proof but instead a

generic example to illustrate the general

properties :

consider the product group 6

6=61 ✗ Go

where the Lie algebras LG) and Glow)

EÉe i. e.
, they do not contain

any proper ideal.

Using a matrix form , a generic

element of 6 can be written as



£61

g. =
& °

c- 5
° %

This is diagonal due to
£62 the linear independence of ↳

and on

such that the elements of the

Lie algebra read as :
c- Iki)

Ty
"

O
1-=

o t,
C- It)

.

c- Lakh

consider now the sub-algebra &
,
(G)

with elements :

1-
'

=

"of c- gcse)

The commutator of a generic element

of IG) with a generic element of

&
,
Cor) is :

E-Hi
" ° "

o ;) - µ:[ %)0 Ty



=

"

: :)
=E :) .

mj
Plays the role of )z

with T
, "=[T, ,T,

'] c- Ifor) =/ LK)
• A sub- algebra is an ideal ie : Thug

,
the elements

V-xen-V-zea.co Hitter Of &
, (G) constitute

and a proper ideal it
,
in addition a proper Idea/ and

I7T-1GI , {0}

therefore { (G) cannot
• A Lie Algebra is simple if it does not

contain any proper ideals be Simple
.

• and semi- simple if it does not contain

abelian ideals

similar reasoning for Laloo) shows that
it also forms a proper ideal .

Furthermore , since I ,lG) and Laka) are simple

they do not contain proper ideals , which

means that 1,161) and Laloo) are the
only ideals of Ilo) .



In conclusion, provided that g. COD and

Ltd are not abelian
,
then

Its ) =L, Csi ) ④ Latin)

is semi - simple !

Definition 6

The killing form or killing metric

associated with a Lie algebra { (G)
is a symmetric bilinear map :

p : GK) ✗ It) > IM

defined by :

PHY) = Tr[adH) . aah)]



with aEIX) the generators at LG)
in the adjoint representation .

Considering a basis of generators {Taj

for the Lie algebra one obtains

the killing metric as :

J" =P IT;t)=Tr(Tap) = (F)
"

(F)
"

= if
"" ifbdc = - facdfbdc

Theorem &

It Ito is a compact tie algebra ,
i. e.
, if the underlying Lie group is compact,

the killing metric is positive semi-definite

THA) 70 , they



and TH1X) > 0 I V-XEL.GS for simple algebras

The proof is out of the scope of this

course
.

It follows from Theorem 2 that if

the killing metric is positive definite

then
,
one can choose an orthonormal

basis for the Lie algebra such that

TC1-9TB) = gas

which means that the killing metric

can be diagonalizeE and an apnopniate

normalization for the generators can
be chosen !

This leads to the following proposition !



Proposition 3

The structure constants are

completely antisymmetric

Demonstration

METH ,
1- c) + PITS, [T9T

']) =

To F-THE ] + Tufts (Tato- Tata)] =

To (1-74) - TottiF) + Tn(THAT) - Taffeta)
using cyclic property of the trace

=

in#%) - TEXTS) + Tr¥T%Tr¥%)=
0

Then :

Mit"Td, 1- c) + PITS, it
""

1-d) =



ifabd Trltdt ') + it"" Trltstd) =

IT Jst

jfabdgdc +i faced gbd =

if
""

+ ifa
"
= 0 ⇒

fab
'

= - facts

which shows antisymmetry with

respect to the last two indices .

Since
, by definition , the

structure

constants are also antisymmetric with

respect to the first two indices,

this implies that they are totally

antisymmetric ☒



Theorem 3

For a semi - simple Lie algebra

the quadratic Casimir Operator

( = fit Titj
,
jii-X.it

Commutes with all generators :

[C ,Tn]=0 , V-TKC-L.to)

Demonstration

[c , Te ]
"
Titi
,
Te ]

⇒
"
[Titi, Te ]

= jifi[Tj, 1-e) + [Ti,Te]Ti)
= it if,emTm + tiemtmti)



=

ijifjemtitm-ifiifiemtmij-ijiifjemT.im
+if
"
fjemtmti

in

=yii s symmetric

= ifjemj.is/TiTm-TmTi)
in
me

antisymmetric
symmetric under 5amUnder jam

interchange interchange

= 0

☒

The example of SU2)

The group of 2×2 Unitary

matrices with unit determinant .


