
UNIVERSIDADE FEDERAL DO PARÁ
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Abstract

Recently the hypothesis that scalar fields with small mass are good dark matter candi-

dates has received some attention. Such scalar fields would interact with black holes, thus

being interesting to study their absorption cross section and bound solutions in black hole

scenarios. In this thesis we study scalar fields around black holes and analogue models,

focusing on absorption cross sections and stationary solutions around black holes. Re-

garding the absorption, we consider a massive and charged scalar field impinging upon

a charged black hole, as well as a massless scalar field impinging upon a charged and

rotating black hole, finding the absorption cross section for both cases. We compute the

high- and low-frequency limits of the absorption cross section, which we compare with the

numerical results in order to validate them. For a frequency below the critical frequency,

ωc, the reflected part of the wave is enhanced, thus being greater than the incident wave.

This phenomenum is known as superradiance and is associated to a negative absorption

cross section. Regarding the stationary solutions, we consider modes of massive and

charged scalar fields with ω = ωc around Kerr-Newman black holes. These modes form

bound states around rotating black holes. These bound states – dubbed scalar clouds

– are generically non-zero and finite on and outside the horizon, decay exponentially at

spatial infinity, have a real frequency and are specified by a set of integer “quantum”

numbers (n, `,m). For a specific set of these numbers, the clouds are only possible along

a 1-dimensional subset, called an existence line, of the 2-dimensional parameter space of

Kerr black holes. We make a thorough investigation of the scalar clouds due to neutral

(charged) scalar fields around Kerr(-Newman) black holes. We present the location of the

existence lines for a variety of quantum numbers, their spatial representation and com-

pare analytic approximation formulas available in the literature with our exact numerical

results, exhibiting remarkable agreement for certain parameters ranges. Massless complex

scalar fields can also form such bound states around black holes, provided that we put a

mirror around the black hole to give the trapping condition. This may seem unphysical

in the context of black holes, but if we consider a draining bathtub, the “mirror” can

be simply the wall of the basin which contains the fluid. We show that sound waves,

when enclosed in a cylindrical cavity, can form stationary waves around rotating acoustic
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holes. These acoustic perturbations display similar properties to the scalar clouds around

Kerr and Kerr-Newman black holes; thus they are dubbed acoustic clouds. We make the

comparison between scalar clouds around Kerr black holes and acoustic clouds around

the draining bathtub explicit by studying also the properties of scalar clouds around Kerr

black holes enclosed in a cavity. Acoustic clouds suggest the possibility of testing, exper-

imentally, the existence and properties of black hole clouds, using analogue models. The

last case we consider is the system formed by a static fluid placed between two concentric

cylinders, where the inner cylinder rotates with constant angular momentum. For small

enough time scales the fluid can be considered at rest, but, due to the rotation of the

inner cylinder, we can still have superradiant instabilities, what enables the formation of

clouds. We show that for ω = ωc we can have clouds for this case, analyzing the effect of

the impedance of the inner cylinder on these clouds.

Keywords: Black holes, scalar fields, analogue models.

Knowledge areas: 1.05.01.03-7, 1.05.01.02-9.

Belém-Pará

2017
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Resumo

Recentemente a hipótese de que campos escalares com massa pequena são bons can-

didatos à matéria escura tem recebido alguma atenção. Estes campos interagiriam com

buracos negros, sendo, portanto, interessante estudar sua seção de choque de absorção e

soluções ligadas neste contexto. Nesta tese nós estudamos campos escalares ao redor de

buracos negros e modelos análogos, focando na seção de choque de absorção e soluções

estacionárias ao redor de buracos negros. Em relação à absorção, nós consideramos um

campo escalar massivo e carregado incidindo sobre um buraco negro carregado, assim

como um campo escalar não massivo incidindo em um buraco negro carregado e com

rotação, encontrando a seção de choque de absorção para ambos os casos. Nós calculamos

os limites de alta e baixa frequência da seção de choque de absorção, que comparamos

com nossos resultados numéricos com o intuito de validá-los. Para uma frequência abaixo

da frequência cŕıtica, ωc, a parte refletida da onda é amplificada, sendo, portanto, maior

que a onda incidente. Este fenômeno é chamado de superradiância e está associado a uma

seção de choque de absorção negativa. Em relação às soluções estacionárias, nós conside-

ramos modos de campos escalares massivos e carregados com ω = ωc ao redor de buracos

negros de Kerr-Newman. Estes modos formam estados ligados ao redor de buracos negros

girantes. Estes estados ligados – chamados de nuvens escalares – são genericamente não

nulos e finitos no horizonte e fora dele, decaem exponencialmente no infinito espacial,

possuem frequência real e são especificados por um conjunto de números “quânticos” in-

teiros (n, l,m). Para um subconjunto espećıfico destes números, as nuvens são posśıveis

somente ao longo de um conjunto unidimensional, chamado de linha de existência, do

conjunto bidimensional do espaço de parâmetros dos buracos negros de Kerr. Fazemos

uma investigação completa das nuvens escalares devidas a campos escalares neutros (car-

regados) ao redor de buracos negros de Kerr(-Newman). Apresentamos a localização das

linhas de existência para uma variedade de números quânticos, sua representação espa-

cial e comparamos aproximações anaĺıticas dispońıveis na literatura com nossos resultados

numéricos, exibindo concordância excelente para certos intervalos de parâmetros. Campos

escalares complexos não massivos também podem formar estados ligados ao redor de bu-

racos negros, desde que coloquemos um espelho ao redor do buraco negro para estabelecer
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a condição de confinamento. Isto pode parecer artificial no contexto de buracos negros,

mas se considerarmos um buraco acústico girante, o “espelho” pode ser simplesmente a

parede do recipiente que contém o fluido. Também mostramos que ondas sonoras, quando

presas em uma cavidade ciĺındrica, podem formar ondas estacionárias ao redor de buracos

acústicos girantes. Estas perturbações acústicas apresentam propriedades semelhantes as

das nuvens escalares ao redor de buracos negros de Kerr e Kerr-Newman; assim elas são

chamadas de nuvens acústicas. Nós fazemos a comparação entre nuvens escalares ao re-

dor de buracos negros de Kerr e nuvens acústicas ao redor de buracos acústicos girantes

expĺıcita estudando também as propriedades de nuvens escalares ao redor de um buraco

negro de Kerr em uma cavidade. Nuvens acústicas sugerem a possibilidade de testar,

experimentalmente, a existência e as propriedades de nuvens de buracos negros, usando

modelos análogos. O último caso que consideramos é o sistema formado por um fluido

estático localizado entre dois cilindros concêntricos, no qual o cilindro interno rotaciona

com momento angular constante. Para escalas de tempo suficientemente pequenas, pode-

mos considerar que o fluido está em repouso, mas, devido à rotação do cilindro interno,

ainda podemos ter instabilidade superradiante, o que possibilita a formação de nuvens.

Mostramos que para ω = ωc podemos encontrar nuvens para este caso, analisando o efeito

da impedância do cilindro interno nestas nuvens.

Palavras-chave: Buracos negros, campos escalares, modelos análogos.

Áreas de Conhecimento: 1.05.01.03-7, 1.05.01.02-9.

Belém-Pará
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I, a universe of atoms,

an atom in the universe.

Richard Feynman
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Introduction

Stars, such as our Sun, equilibrate the gravity interaction with thermal pressure, the

latter coming from fusion processes that take place inside the star. When the core becomes

extremely heavy the star starts to collapse until it reaches another equilibrium state. This

collapse can lead to the formation of white dwarfs, which sustain themselves by electron

degeneracy pressure [1].

If a white dwarf has mass above a certain limit, the degeneracy pressure will not

be enough to stop the collapse. Chandrasekhar has shown that this limit is 1.4M�,

known as Chandrasekhar limit, for ideal stars [2]. Recently, Das and Mukhopadhyay have

shown that strongly magnetized white dwarfs can have super-Chandrasekhar masses and

established a new upper limit for the mass of white dwarfs, given by ∼ 2.58M� [3]. Above

this limit the collapse continues until it reachs another equilibrium state.

For stars with large initial masses a supernova explosion may take place, taking away

part of the star’s mass. The collapse would lead then to the formation of a more compact

object: a neutron star. In this case, the star sustains itself by neutron degeneracy pressure,

but, as for the white dwarf, we also have a limit for the mass of the neutron star. If the

mass is above 3M�, which is the Oppenheimer-Volkoff limit [4,5], then the collapse of the

star continues.

At this point the conditions of the system are so extreme that nothing can stop the

collapse. The matter continues to infall to a point, i.e., to a singularity, where the curva-

ture diverges and general relativity is no longer valid. According to the cosmic censorship

conjecture, the singularity is expected to be safely hidden by a trapped surface, which is

the event horizon. This astrophysical object corresponds to a black hole, one of the most
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important and intriguing solutions of general relativity.

The first black hole solution was published in 1916 by Karl Schwarzschild [6], in the

following year of the publication of Einstein equations. The Schwarzschild black hole,

as it became known, describes a static and spherically symmetric solution of Einstein’s

equations which depends only on the mass M of the black hole. Another black hole solu-

tion was soon discovered independently by Hans Reissner [7] and Gunnar Nordström [8],

namely the Reissner-Nordström black hole solution. This solution describes the spacetime

outside a static and spherically symmetric distribution of mass M and charge Q.

Since most astrophysical objects have angular momentum, we should expect a solution

with rotation. It was only in 1963 that such a solution was found by Roy Kerr and there-

fore named after him [9]. The Kerr metric is a stationary and axially symmetric solution

of the Einstein’s equations which depends on the mass and on the angular momentum J

of the black hole. Two years later a more general solution was found by Ezra Newman and

collaborators, which depends on mass, charge and angular momentum, and was named

Kerr-Newman black hole [10].

We can wonder if it is reasonable to assume a black hole to have a non zero charge.

To understand this, we consider the situation of a particle, with charge e and mass µ,

around a charged black hole. If

eQ > Mµ (1)

then the electromagnetic repulsion will be stronger than the gravitational attraction,

avoiding charges of the same sign of the black hole to be absorbed and favoring charges of

the opposite sign to be absorbed, what leads to the discharge of the black hole. Knowing

that for the electron µ/e ≈ 10−21, we see that Eq. (1) is easily fulfilled and the black

hole discharges quickly. Another phenomena to take into consideration is the emission of

particles by black holes. Charged black holes tend to emit more particles with the same

charge sign as they have than with the opposite sign, also leading to a neutralization of

the hole [11].

However, in the context of minicharged dark matter [12] it is possible to have black

holes with a considerable amount of charge and even extremally charged black holes [13].

Such black holes would be charged under fractional electric charge or under a hidden dark
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matter interaction, but would still be described by the Kerr-Newman line element.

To gain knowledge about black holes one can study how particles and fields behave

around these objects. Studying the scattering of light rays by a black hole one can find

the shadow cast by the black hole, which could be observed with the Event Horizon Tele-

scope [14, 15]. Studying the scattering of fields by compact objects one finds interesting

phenomena, such as the glory effect and rainbow scattering [16].

There are plenty of works on scattering and absorption by Schwarzschild black holes,

including the scattering and absorption for massless [17–19] and massive [20, 21] scalar

fields, fermions [22, 23], electromagnetic [24] and gravitational waves [25]. For rotating

black holes there is still a lot of work to be done in this area, although some investigations

have been devoted to the scattering and absorption of scalar [26–28] and gravitational

fields [29] in Kerr spacetime.

For the Reissner-Nordström spacetime there is also a considerable number of studies

in the literature. Nakamura and Sato [30] studied the absorption of charged and mas-

sive scalar fields in the Reissner-Nordström spacetime, finding the reflection coefficient

numerically. There are also recent works that compute the absorption and scattering

cross sections of Reissner-Nordström black holes for massless scalar fields [31], electro-

magnetic [32–34] and gravitational waves [35,36]. Some studies on absorption by higher-

dimensional Reissner-Nordström black holes can also be found in the literature [37–39].

One of the most interesting phenomena which appears in the study of scattering by

compact objects is the superradiant scattering [40]. Superradiance was already known

from quantum dynamics, referring to amplification of radiation due to coherence [41].

Studying the scattering of waves by an absorbing rotating body, Zel’dovich has shown

that the part of the rotation energy of the object is transferred to the wave, leading to an

amplification of the reflected wave [42,43]. For black holes the superradiant scattering was

first studied by Misner [44], who considered the case for a Kerr black hole. Soon, it was

shown that both charge and angular momentum can be extracted from the black holes

and transferred to the waves [45]. The superradiant scattering was recently confirmed

experimentally [46].

Based on Misner work, Press and Teukolsky proposed a rather odd scenario [47]:
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Consider a rotating black hole inside a spherical mirror. Modes with ω < ωc will be

amplified by the black hole and then reflected by the mirror. This process will continue

until the mirror can no longer stand the pressure, so that the mirror breaks and releases

the energy stored in the modes. This effect is called black hole bomb.

Since these black hole solutions depend only on a few parameters, how could they be

the result of the collapse of objects as complex as stars? The uniqueness theorems tell us

that the Kerr-Newman family is the only black hole family of solutions to the Einstein-

Maxwell equations in electrovacuum [48–50]. These theorems led John Wheeler to state

that “black holes have no hair” [51], in which the word hair is referring to quantities

which can be measured at infinity (excluding the parameters of the Kerr-Newman family).

Therefore, according to the no-hair conjecture, even if you start with stars with very

different configurations, if they collapse to black holes with the same mass, charge and

angular momentum, you cannot differ the resulting black holes.

There are several studies about the no-hair conjecture (cf., e.g., [52–56]). In particular,

Jacob Bekeinstein has shown that black holes cannot support massive scalar fields in static

configurations surrounding them [57]. However, if we consider a mode of a massive scalar

field at the threshold of superradiant instability, that is, with ω = ωc, we find that this

mode neither increases nor decreases, but stays in a stationary orbit around the black

hole. These solutions are dubbed clouds [58].

These clouds are real bound states, which arise from the linearized solutions of the field

equations in the black hole spacetime. We can make the clouds heavier, by considering

their backscattering on the geometry, finding hairy black holes [59, 60]. For a massive

scalar field the mass gives the trapping condition, but for a massless scalar field the

trapping condition can be obtained with a mirror-like condition at a certain radius. It

seems very odd to consider a black hole inside a cavity, but if we consider acoustic holes

[61], then this mirror can be simply the wall of the basin which contains the fluid.

In this work we use a partial wave approach to compute numerically the absorption

cross section for three cases, namely:

(i) Massive scalar field around a Reissner-Nordström black hole [62–64];

(ii) Massive and charged scalar field around a Reissner-Nordström black hole [65];
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(iii) Massless scalar field around a Kerr-Newman black hole [66].

For all these cases we are able to find the high- and low-frequency limits of the absorption

cross section (semi)analytically, which we compare with our numerical results. We also

analyze the superradiant regime, studying both partial and total absorption cross sections.

Regarding the clouds we consider:

(iv) Massive and charged scalar field around a Kerr-Newman black hole [67, 68];

(v) Massless scalar field in a rotating acoustic hole inside a cylindrical cavity [69,70];

(vi) Static fluid between two cylinders, where the inner cylinder is rotating [71].

In order to find these clouds we use a shooting method.

This work is organized as follows. In Chapter 1 we give a brief review on some aspects

of general relativity and the spacetimes of the black holes and analogues, presenting

the equations of motion for particles in these spacetimes. In Chapter 2 we find the

absorption cross section for a massive scalar field around a charged black hole. For the

high-frequency limit we use the geodesics equation to find an analytical solution, as well

as a sinc approximation. We also find an approximation for the low-frequency limit, which

gives us two different solutions depending on the velocity of the field. In Chapter 3 we

find the absorption cross section for a massive and charged scalar field around a Reissner-

Nordström black hole, showing the influence of the charge of the field in the absorption

cross section. In Chapter 4 we compute the absorption cross section of a massless scalar

field around a charged and rotating black hole, considering different incidence angles.

For off-axis incidence we separate the modes into corrotating and counterrotating ones,

finding a more regular pattern for the absorption cross section. In Chapter 5 we consider

the clouds formed by a massive and charged scalar field around Kerr-Newman black hole,

comparing our numerical results with analytical results from the literature. In Chapter 6

we consider the acoustic clouds formed by sound waves in a cylindrical basin with shallow

water. We also consider the case of scalar clouds for a massless scalar field around a Kerr

black hole inside a cavity. In Chapter 7 we consider a static fluid between two concentric

cylinders, with the inner cylinder rotating with constant angular momentum. We find the

clouds for this case considering different values for the impedance of the inner cylinder.

We assume G = ~ = c = 1 throughout this thesis.



Chapter 1

General Relativity and Spacetimes

General relativity tells us that the content of energy-momentum alters the geometry of the

spacetime, while the geometry determines the path followed by particles in such spacetime.

This information is encompassed in the Einstein’s equations,

Rκν −
1

2
gκνR = 8πTκν , (1.1)

where the left-hand side is related to the geometry and the right-hand side is related to

the content of energy-momentum of the spacetime.

The Ricci tensor, Rκν , and the Ricci scalar, R, can be written in terms of the metric,

gκν , and derivatives of the metric, such that, in principle, for a fixed energy-momentum

tensor, Tκν , we can find the components of the metric and, hence, the spacetime.

Once we know the metric, we can find the geodesics equation, which is the equation

that dictates the path followed by free particles in the spacetime. This equation is given

by

ẍκ + Γκνλẋ
ν ẋλ = 0, (1.2)

where the overdot denotes the derivative with respect to the affine parameter and Γκνλ is

the affine connection.

In order to find the geodesics equation we consider the Lagrangian given by

L = T − V =
1

2
gκν ẋ

κẋν − V, (1.3)
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which we substitute in the Euler-Lagrange equations,

d

dt

(
∂L

∂ẋλ

)
− ∂L

∂xλ
= 0, (1.4)

obtaining

ẍκ + Γκνλẋ
ν ẋλ = −gκν∂νV. (1.5)

Eq. (1.5) gives us the equation of motion for a particle under the influence of an external

force, but taking V = 0 we retrieve the geodesics equation.

1.1 Reissner-Nordström black hole

If we search for the solution outside a spherically symmetric charged distribution of matter

we find the Reissner-Nordström line element, which can be written as

ds2 = fdt2 − (1/f)dr2 − r2(dθ2 + sin2 θdφ2), (1.6)

where

f =
(

1− r+

r

)(
1− r−

r

)
, (1.7)

with

r± = M ±
√
M2 −Q2, (1.8)

where M and Q are the black hole mass and charge, respectively.

From Eq. (1.8) we see that if M > Q we have two horizons, where r+ is the outer

(event) horizon and r− the inner (Cauchy) horizon. For M = Q we have the special case

of an extremal black hole, when the two horizons coincide. For M < Q both r+ and r−

are complex and we have the case of a naked singularity, which we will not consider in

this thesis.

We can wonder what is the path followed by a particle with mass µ and charge q in

this spacetime. For the Reissner-Nordström black hole the electromagnetic 4-potential is

given by Aν = (Q/r, 0, 0, 0) and Eq. (1.3) is written as

2L = gκν ẋ
κẋν + 2

q

µ
A0ẋ

0,

= f ṫ2 − (1/f)ṙ2 − r2(θ̇2 + sin2 θφ̇2) + 2
q

µ

Q

r
ṫ, (1.9)
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where the expression for V comes from the expression for the Lorentz force law in an

arbitrary coordinate system, namely

µ(ẍκ + Γκνλẋ
ν ẋλ) = qF κ

ν ẋ
ν , (1.10)

where F κ
ν is the electromagnetic tensor.

Since this geometry is spherically symmetric we can choose θ = π/2 (equatorial plane)

without loss of generality. Substituting Eq.(1.9) in the Euler-Lagrange equations (Eq.

(1.4)) for λ = 0 and 3 we find

f ṫ+
1

µ

qQ

r
=
E

µ
, r2θ̇ =

L

µ
, (1.11)

respectively, where E and L are the energy and angular momentum of the particle at

infinity. For non-null curves, we have

gκν ẋ
κẋν = 1,

f ṫ2 − (1/f)ṙ2 − r2φ̇2 = 1. (1.12)

Substituting Eq. (1.11) in Eq. (1.12) we obtain

ṙ2 + f

[
1 +

(
L

µr

)2
]

=
1

µ2

(
E − qQ

r

)2

, (1.13)

which is an equation of energy balance. In order to find the orbit equation we use the

chain rule, such that ṙ = (dr/dφ)φ̇, and define u ≡ 1/r, obtaining(
du

dφ

)2

= −f(u)

(
u2 +

µ2

L2

)
+

(E − qQu)2

L2
, (1.14)

where f(u) = 1− 2Mu+Q2u2.

1.2 Kerr black hole

The Kerr metric is a stationary and axially symmetric solution of the Einstein’s equations

in the vacuum. It is difficult to obtain this solution directly from the Einstein’s equations,

but we can obtain it by doing a complex transformation in the Schwarzschild metric 1.

1For more details in how to obtain this metric we refer to [72].
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In Boyer-Lindquist coordinates, the Kerr line element is given by

ds2 =

(
1− 2Mr

ρ2

)
dt2 +

4Mar sin2 θ

ρ2
dtdφ− ρ2

∆
dr2 − ρ2dθ2 − C sin2 θdφ2, (1.15)

with

C = r2 + a2 +
2Mra2 sin2 θ

ρ2
(1.16)

and

ρ2 ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2Mr + a2, (1.17)

where the black hole angular momentum is given by J = aM . In this case the singularity

is not a point, as in the Schwarzschild case, but a ring of radius a in the equatorial plane.

Taking ∆ = 0 we find the outer and inner horizons, i. e., the event horizon and the

Cauchy horizon, which are given, respectively, by

r+ = M +
√
M2 − a2 and r− = M −

√
M2 − a2. (1.18)

Taking also gtt = 0 we find the stationary limit surfaces, with radius given by

rS± = M ±
√
M2 − a2 cos2 θ. (1.19)

Between rS+ and r+ we have a region where nothing can stay still, but has to rotate in

the same sense as the black hole rotation.

We will consider only null geodesics in the equatorial plane, in which case we have

2L =

(
1− 2M

r

)
ṫ2 +

4Ma

r
ṫφ̇− r2

∆
ṙ2 −

(
r2 + a2 +

2Ma2

r

)
φ̇2. (1.20)

Substituting in the Euler-Lagrange equations we find the conserved quantities(
1− 2M

r

)
ṫ+

2Ma

r
φ̇ =

E

µ
, (1.21)

− 2Ma

r
ṫ+

(
r2 + a2 +

2Ma2

r

)
φ̇ =

L

µ
. (1.22)

Solving Eqs. (1.34) and (1.22) for φ̇ and ṫ, we obtain

φ̇ =
1

∆

[(
1− 2M

r

)
L+

2Ma

r
E

]
, (1.23)

ṫ =
1

∆

[(
r2 + a2 +

2Ma2

r

)
E − 2Ma

r
L

]
. (1.24)
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Substituting Eqs. (1.23) and (1.24) in gκν ẋ
κẋν = 0, we obtain

ṙ2 = E2 +
2M

r3
(L− aE)2 − 1

r2
(L2 − a2E2). (1.25)

Defining the impact parameter as b ≡ L/E, we can rewrite Eq. (1.25) as

ṙ2

E2
= 1 +

2M

r3
(b− a)2 − 1

r2
(b2 − a2) = U(r). (1.26)

In order to find the circular orbit for light we must take U(r) = 0 and U ′(r) = 0, finding

bc = a
(3M + rc)

3M − rc
, rc = 2M

{
1 + cos

[
2

3
cos−1

(
± a

M

)]}
, (1.27)

where the + sign is for retrograde orbits, while the − sign is for direct orbits.

1.3 Kerr-Newmann black hole

We can obtain a more general black hole solution if besides rotation we also consider

that the black hole possesses electric charge. This leads us to the Kerr-Newman metric,

which is, as the Kerr metric, axisymmetric and stationary. To obtain this solution we

consider the nonzero energy-momentum tensor T µν , which comes from the contribution of

the electromagnetic field. This solution can be obtained from a complex transformation

of the Reissner-Nordström metric [72].

The line element of the Kerr-Newman black hole is

ds2 =

(
1− 2Mr −Q2

ρ2

)
dt2 +

2a sin2 θ

ρ2
(2Mr −Q2)dtdφ− ρ2

∆
dr2 − ρ2dθ2 − C sin2 θdφ2,

(1.28)

with

ρ2 ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2Mr + a2 +Q2, (1.29)

and

C = r2 + a2 +
(2Mr −Q2)a2 sin2 θ

ρ2
. (1.30)

The horizons are located at

r+ = M +
√
M2 − (a2 +Q2) and r− = M −

√
M2 − (a2 +Q2). (1.31)
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The background electromagnetic 4-potential is

Aα = (rQ/ρ2, 0, 0,−aQr sin2 θ/ρ2). (1.32)

The Lagrangian for this geometry is given by

2L =

(
1− 2Mr −Q2

ρ2

)
ṫ2 +

2a sin2 θ

ρ2
(2Mr −Q2)ṫφ̇− ρ2

∆
ṙ2 − ρ2θ̇2 − C sin2 θ

ρ2
φ̇2. (1.33)

Substituting in the Euler-Lagrange equations we find the conserved quantities(
1− 2Mr −Q2

ρ2

)
ṫ+

a sin2 θ

ρ2
(2Mr −Q2)φ̇ = E, (1.34)

a sin2 θ

ρ2
(2Mr −Q2)ṫ−

(
r2 + a2 +

(2Mr −Q2)a2 sin2 θ

ρ2

)
sin2 θφ̇ = Lz. (1.35)

One can now find the geodesics equation using the Hamilton-Jacob equations [72].

We are interested in the shadow cast by this black hole, such that we need to compute

the photon orbit. For the Schwarzschild black hole the photon orbit is rc = 3M , but for

the Kerr-Newman black hole, due to the frame dragging of inertial frames, the photon

orbit depends on how the photon falls upon the black hole. Particularly, for an observer

in the equatorial plane the shadow of the black hole has a D shape [73], as can be seen

in Fig. 1.1. To find the impact parameter for an arbitrary incidence we write the impact

vector as

~b = [b cos γ cosχ, b sinχ,−b sin γ sinχ], (1.36)

where γ is the incidence angle and χ is an angle defined in the plane of the shadow. For

this impact parameter, we have

L̂z =
Lz
E

= b sinχ sin γ, (1.37)

and

Q̂ =
Q
E2

= b2 cos2 χ+ (b2 sin2 χ− a2) cos2 γ, (1.38)

where Q is Carter’s constant. The radial equation is given by

R(r) = ((r2 + a2)− aL̂z)2 −∆((L̂z − a)2 − Q̂). (1.39)

In order to find the critical radius and the critical impact parameter we have to solve

R(rc) = 0 and R′(rc) = 0.
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Figure 1.1: Apparent shape of an extremal Kerr-Newman black hole viewed by an observer

in the equatorial plane (γ = π/2) at infinity.

1.4 Draining bathtub

In 1981, William Unruh published a seminal work on analogue models of black holes [61].

Unruh noticed that, using the equations of motion of a fluid, one could show that an

acoustic perturbation on this fluid obeys the Klein-Gordon equation for a massless scalar

field in an effective spacetime. A model considering rotation on the fluid was proposed

in 1998 by Matt Visser, who considered acoustic perturbations in a rotating draining

bathtub [74].

To analyse the draining bathtub, let us first consider a barotropic and inviscid fluid

with flow velocity

~v =
A

r
r̂ +

B

r
φ̂ , (1.40)

where A is the draining and B is the circulation of the flow. For this effective spacetime

we will consider cs = 1, where cs is the speed of sound in the fluid. Using the continuity

and Euler equations, we can show that an acoustic perturbation obeys the Klein-Gordon

equation for a massless scalar field, namely

∆ψ =
1√
−g

∂µ
(√
−ggµν∂νψ

)
, (1.41)
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where the components of the metric can be obtained from the line element

ds2 =

(
1− A2 +B2

r2

)
dt2 −

(
1− A2

r2

)−1

dr2 + 2Bdφdt− r2dφ2 . (1.42)

This is not identical to the line element of a rotating black hole, but it keeps its essential

features. For the spacetime associated to Eq. (1.42), the stationary limit surface is given

by

rS =
√
A2 +B2, (1.43)

which delimits the region where the velocity of the fluid exceeds the speed of sound

(cs) [75]. The event horizon is located at

rH = A, (1.44)

which delimits a region where the radial velocity of the fluid exceeds the speed of sound.

This horizon is rotating with angular velocity

ΩH = B/A2. (1.45)

1.5 Static fluid between cylinders

As we mentioned in Subsection 1.4, sound waves in a background flow can mimic the

propagation of scalar fields in General Relativity. Assuming the fluid to be barotropic

and inviscid, and the flow to be irrotational, velocity perturbations can be shown to satisfy

a Klein-Gordon equation in a curved spacetime [61]. If v = ∇φ, where φ is a scalar field,

v is the background velocity, linearized perturbations δφ satisfy the equation

∇µ∇µδφ = − 1√
−g

∂

∂xµ

(
gµν
√
−g∂δφ

∂xν

)
= 0, (1.46)

where

gµν ≡ 1

ρcs


−1

... −vj

. . . . . . . . . . . . . . . .

−vi ... (c2
sδij − vivj)

 (1.47)
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is the inverse background metric, ρ is the background density, cs is the sound speed, and

g = det(gµν). When the fluid is homogeneous and at rest, the acoustic metric is flat, and

reads

ds2 =
ρ

cs

(
−c2

sdt
2 + dr2 + r2dθ2 + dz2

)
(1.48)

in cylindrical coordinates.



Chapter 2

Absorption of a massive and

chargeless scalar field by

Reissner-Nordström black holes

In this chapter we focus on the absorption cross section for a monochromatic planar wave

of the neutral massive scalar field impinging upon a four-dimensional Reissner-Nordström

spacetime. There are four parameters in this scenario: the mass M and charge Q of

the black hole, and the mass µ and frequency ω of the field. From these quantities, we

may form three dimensionless parameters: the black hole charge-to-mass ratio |Q|/M,

with 0 ≤ |Q|/M < 1 for sub-extremal black holes, and a pair of field-to-black hole

couplings, Mω and Mµ. Note that we adopt units in which c = ~ = G = 1 so that,

e.g., Mµ ≡ Mµ/m2
P , where mP is the Planck mass. We also make use of an alternative

dimensionless parameter,

v =

√
1− µ2

ω2
, (2.1)

corresponding to the ratio of the speed of propagation of the wave in the far-field to the

speed of light. Here 0 < v ≤ 1 for unbound modes, for which ω > µ.
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2.1 Field equations

The Klein-Gordon equation in a curved spacetime is given by

∇ν∇νΦ− µ2Φ = 0. (2.2)

where ∇ν denotes the covariant derivative, and indices are raised with the inverse metric

gµν .

An axially-symmetric solution to Eq. (2.2) in Reissner-Nordström spacetime can be

written as

Φωl =
ψωl(r)

r
Pl(cos θ)e−iωt, (2.3)

where Pl(cos θ) is a Legendre polynomial, and ψωl(r) obeys the radial equation

d2

dr2
∗
ψωl +

[
ω2 − Veff(r)

]
ψωl = 0, (2.4)

with the effective potential

Veff(r) = f

(
µ2 +

l(l + 1)

r2
+

2M

r3
− 2Q2

r4

)
. (2.5)

In Eq. (2.4) we introduced the tortoise coordinate r∗, defined in the standard way by

dr∗/dr = f−1.

Equation (2.4) is a Schrödinger-like equation with an effective potential. Figure 2.1

shows Veff, defined in Eq. (2.5), for l = 0, 1 and various values of the scalar field mass. In

the far field, the potential may be expanded as Veff = µ2−2Mµ2/r+[l(l+1)+Q2µ2]/r2 +

O(r−3). The mass coupling term generates a Newtonian-like attraction at O(r−1), and

the angular momentum l (and charge Q) creates a potential barrier at O(r−2). In the

limit r → r+, the potential tends to zero. Figure 2.1 shows that, for moderate values of

Mµ, the effective potential admits a local minimum and a local maximum. These features

are washed out as Mµ increases.

Jung and Park [20] introduced the notion of a ‘critical mass’ Mµc = Mµc(Q/M, l),

defined (for each l) as the value at which the local maximum value of Veff is equal to the

asymptotic value, Veff(r → ∞) = µ2. For Mµ > Mµc, all unbound modes are strongly

absorbed, regardless of the frequency. In the large-l regime, the critical mass scales linearly
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 0.24

 0.26

 0.28

 0.3

 0.32

 0.34

 0.36

 0.38

 0.4

 0.42

 0  1  2  3  4  5

M
µ
c 

/ 
(l

 +
 1

/2
)

l

Q = 1.0M
Q = 0.8M
Q = 0.6M
Q = 0.4M
Q = 0.2M
Q = 0.0M

Figure 2.2: Critical mass coupling Mµc [20] as a function of multipole l. For l = 0,

Mµc ≈ 0.192 in the Schwarzschild (Q = 0) case, and Mµc ≈ 0.209 in the extremal

Reissner-Nordström (Q = M) case. In the large-l regime, Mµc(Q = 0, l) ≈ 0.25(l + 1/2)

and Mµc(Q = M, l) ≈ 0.3(l + 1/2).



2.2. ABSORPTION CROSS SECTION 28

with l + 1/2. Figure 2.2 shows Mµc/(l + 1/2) as a function of l, determined numerically,

for various black hole charge-to-mass ratios Q/M . We see that Mµc increases with Q/M .

Let us now turn our attention to the asymptotic solutions of Eq. (2.4). Since we are

interested in the absorption process, we consider only those modes which are ingoing at

the outer horizon,

ψωl(r) ≈


√
v Tωl e

−iωr∗ , for r → r+,

e−i% +Rωle
i%, for r →∞,

(2.6)

where Tωl, Rωl are complex coefficients and % = %(r) has the leading-order expansion

% = ωvr +
ωM(1 + v2)

v
ln(2Mωvr) +O(r0). (2.7)

We note that the normalization of ψωl(r) has been chosen here for later convenience.

Note also that |Rωl|2 and |Tωl|2 may be interpreted as reflection and transmission coeffi-

cients, respectively. By considering the Wronskian of Eq. (2.6), it is straightforward to

show that

|Rωl|2 + |Tωl|2 = 1, (2.8)

representing the conservation of flux (cf. Sec. 2.2).

2.2 Absorption Cross Section

In this section we obtain an expression for the absorption cross section as a sum of partial

wave contributions. We seek a monochromatic field Φ which is purely ingoing at the event

horizon [cf. Eq. (2.6)] and which, in the far-field, resembles the sum of an incident planar

wave ΦI and an outgoing scattered wave ΦS. The absorption cross section is defined as

the ratio between the flux of Φ passing into the black hole, and the current of the incident

wave ΦI .

We take the incident wave ΦI to be a monochromatic planar wave of frequency ω

which, without loss of generality, we assume to be propagating along the z axis. In a

Minkowski spacetime, one may write ΦI
(M) = e−iω(t−vz), and then make use of

eiωvz =
∞∑
l=0

(2l + 1)iljl(ωvr)Pl(cos θ), (2.9)
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to expand in partial waves. Here jl(·) is a spherical Bessel function, and Pl(·) is a Legendre

polynomial. In the far-field, this becomes

ΦI
(M) ∼

e−iωt

r

∞∑
l=0

clω
(
e−iωvr + e−iπ(l+1)eiωvr

)
Pl(cos θ) (2.10)

where

clω =
2l + 1

2iωv
eiπ(l+1). (2.11)

By contrast, in a black hole spacetime the long-ranged nature of the gravitational field

implies that a planar wave is distorted, even far from the black hole. Using Eqs. (2.6)

and (2.7), the analogue of a planar wave has an asymptotic form

ΦI ∼ e−iωt

r

∞∑
l=0

clω
(
e−i% + e−iπ(l+1)ei%

)
Pl(cos θ). (2.12)

The physical solution Φ is constructed from the horizon-ingoing modes (2.6) in such a

way that, in the far-field, the ingoing part of Φ is matched onto the ingoing part of ΦI .

That is, we define

Φ =
e−iωt

r

∞∑
l=0

clωψωl(r)Pl(cos θ). (2.13)

The scattered wave ΦS = Φ− ΦI has the asymptotic form

ΦS ∼ e−iωt

r
f̂(θ)ei%, (2.14)

with a scattering amplitude f̂(θ) given by

f̂(θ) =
1

2iωv

∞∑
l=0

(2l + 1)
(
eiπ(l+1)Rωl − 1

)
Pl(cos θ). (2.15)

To find the absorption cross section, we may begin by introducing a four-current

Jα =
i

2
[Φ∗∂αΦ− Φ∂αΦ∗] , (2.16)

which satisfies the conservation law ∇αJ
α = 0, by Eq. (2.2). Now, we consider a four-

volume bounded by 3-surfaces defined by t = t1, t = t2, r = r1 and r = r2 (where t1 < t2

and r+ < r1 < r2). Applying Gauss’ theorem and taking the limit t2 − t1 → 0+, leads to

d

dt

{∫
r2J tdr∗dΩ

}
=
[
N(r)

]r2
r1
. (2.17)
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Here, N(r) is the flux passing through a surface of constant radius r, given by

N(r) = −
∫
r2 JrdΩ. (2.18)

We consider a stationary scenario, in which the left-hand side of Eq. (2.17) is zero, and

thus N(r1) = N(r2) = N . In this case, N is (minus) the flux of particles passing into the

black hole [21].

The absorption cross section σ is defined as the ratio between |N | and the incident

current in the planar wave, ωv. We may insert Eq. (2.13) into Eq. (2.16) and use the

orthogonality of Legendre polynomials, given by∫ π

0

Pl(cos θ)Pl′(cos θ) sin θdθ =
2

2l + 1
δll′ , (2.19)

to write the total absorption cross section σ as a sum of partial cross sections σl,

σ =
∞∑
l=0

σl, (2.20)

defined in terms of modal transmission/reflection coefficients by

σl =
π(2l + 1)

ω2v2
|Tωl|2 =

π(2l + 1)

ω2v2

(
1− |Rωl|2

)
. (2.21)

2.3 High-frequency regime

In the limit of high frequency, the wavelength of the field becomes very small in comparison

with the scale of the black hole (e.g. the horizon radius). Under the eikonal approximation,

a wavefront propagates along geodesics of the spacetime [76]. The ‘geodesic capture cross

section’ is defined as σhf = πb2
c , where bc is the critical impact parameter corresponding

to the unbound geodesic which asymptotically approaches the unstable circular orbit at

r = rc. The critical impact parameter may be found by solving the orbital equation for

a timelike geodesic in the Reissner-Nordström spacetime. Let us start from the ‘energy’

balance equation, which we can find by making q = 0 in Eq. (1.13), such that

ṙ2 =
E2

µ2
− f

[
1 +

(
L

µr

)2
]
≡ Vr. (2.22)
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Now, we introduce the impact parameter b ≡ L/(Ev), where v2 = 1−µ2/E2, which allows

us to write
µ2

L2
ṙ2 =

1

b2v2
− f

(
1− v2

b2v2
+

1

r2

)
. (2.23)

To obtain bc, the critical impact parameter, and rc, the radius of the unstable circular

orbit (or ‘critical radius’), we set this equation and its radial derivative to zero. This

yields

bc =
rc

vf
1/2
c

[
1− (1− v2)fc

]1/2
, (2.24)

where fc = f(rc), and a quartic equation for rc, namely,

r4
c +M

(1− 4v2)

v2
r3
c +

(
4(v2 − 1)

v2
M2 + 2Q2

)
r2
c +

4MQ2(1− v2)

v2
rc +

Q4(v2 − 1)

v2
= 0.

(2.25)

We seek a root of Eq. (2.25) that is larger than the outer horizon, i.e., rc > r+, and

which corresponds to the peak of the potential barrier from Eq. (2.23). This root may

be found numerically. Figure 2.3 shows the critical radius as a function of v for various

charge-to-mass ratios Q/M . We see that, in general, rc decreases as v increases, and as

Q/M increases.

In the limit v → 0, the critical impact parameter bc diverges as 1/v. Let us therefore

introduce a dimensionless ‘absorption function’ F (v,Q) = v2b2
c/M

2, which is regular in

this limit, so that in the high-frequency limit

σ → σhf = v−2F (v,Q) πM2. (2.26)

In the null geodesic case (v = 1) [32],

F (1, Q) =

(
3 +

√
9− (Q/M)2

)4

8
(

3− 2(Q/M)2 +
√

9− 8(Q/M)2
) . (2.27)

In the Schwarzschild case (Q = 0) [23],

F (v, 0) =
1

4

(4v2 − 1 +
√

1 + 8v2)2

√
1 + 8v2 − 1

(
3 +
√

1 + 8v2
)
. (2.28)

In the extremal case (Q = M),

F (v,M) = χ2
v2 + 2(1−v2)

χ
− (1−v2)

χ2

1− 2
χ

+ 1
χ2

, (2.29)
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where

χ =
1

6

κ1/3

v2
+

2

3

(3v2 + 1)

v2κ1/3
+

1

3

(3v2 − 1)

v2
(2.30)

and

κ = −36v2 + 108v4 − 8 + 12
√

(27v4 − 22v2 − 5)3 v2. (2.31)

In the limit v → 0, we may find rc by solving the cubic

x3 − 4x2 + 4(Q/M)2x− (Q/M)4 = 0, (2.32)

where x = rc/M , and substituting the solution into Eq. (2.24) to obtain bc and thus

F (0, Q).

In the general case (v,Q 6= 0,M), one may compute the values of the critical ray by

finding the numerical solution of Eq. (2.25). We find that the absorption function F (v,Q)

varies smoothly, as shown in Fig. 2.4.
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Q = 0.4M
Q = 0.8M
Q = 0.9M
Q = 1.0M

Figure 2.3: Radius of the unstable circular orbit, rc, as a function of incident speed v for

a range of charge-to-mass ratios Q/M .

2.3.1 Sinc approximation

In the high-frequency regime the absorption cross section exhibits regular oscillations

(with ω) around the limiting value (see e.g. Fig. 2.6). In the case of a massless scalar field



2.3. HIGH-FREQUENCY REGIME 33

 10

 12

 14

 16

 18

 20

 22

 24

 26

 28

 0  0.2  0.4  0.6  0.8  1

F
(v

, 
Q

)

v

Q = 0.0M
Q = 0.4M
Q = 0.8M
Q = 1.0M

Figure 2.4: Absorption function F (v,Q) as a function of the incident speed v for vari-

ous charge-to-mass ratios Q/M . F (v,Q) determines the high-frequency absorption cross

section via Eq. (2.26). For closed-form solutions in limits v ∈ {0, 1}, Q/M ∈ {0, 1} see

Eqs. (2.27)–(2.29).

absorbed by a Schwarzschild BH, Sanchez [18] found that a simple formula provided a

good fit at high frequencies,

σ
(Q=0,v=1)
hf ≈ 27πM2

[
1− α̂ sinc(2π

√
27Mω)

]
, (2.33)

where sinc(x) ≡ sin(x)/x and α̂ ≈
√

32/27 (see Eq. (30) in Ref. [18]). Decanini, Folacci

and coworkers [77, 78] have applied the complex angular momentum approach to anal-

yse the absorption cross section. They recovered Sanchez’s result in the high-frequency

regime, with a more accurate coefficient of α̂ = 8πe−π, and gave higher-order corrections.

Furthermore, in Ref. [77] it was shown that regular oscillations are a universal feature of

cross sections for massless fields absorbed by spherically-symmetric BHs.

We now seek to extend the complex angular momentum analysis to the massive-field

case (see also Ref. [79]). As before, the oscillatory contribution to the cross section is

related to a sum of the residues of so-called Regge poles, and the asymptotic properties

of the Regge pole spectrum may be determined by the geodesic analysis. We used the

approach of Ref. [80] to show that, in the high-frequency regime, the Regge pole λn is
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Figure 2.5: Lyapunov exponent Λ associated with the peak in the potential barrier. The

inset shows the exponent as a function of Q/M in the nearly-bound (v → 0) and null

(v = 1) cases.

approximately

λn = vbcω + i(n+ 1/2)β̂ +O(ω−1), (2.34)

where β̂ = vbcΛ and Λ is the Lyapunov exponent [81] associated with the unstable circular

orbit, i.e.,

Λ =
1

ṫ

√
1

2

d2Vr
dr2

=
vfc
rc

√
kc, (2.35)

where

kc =
1

v2r4
cfc

{
(4v2 − 1)Mr3

c + [8M2(1− v2)− 4Q2v2]r2
c

−12MQ2(1− v2)rc + 4Q4(1− v2)
}
. (2.36)

The Lyapunov exponent is shown in Fig. 2.5.

Following the steps in Ref. [77], it is possible to show that the high-frequency approx-

imation to the cross section is given by

σhf ≈
F (v, q)πM2

v2

[
1− 8πβ̂e−πβ̂ sinc (2πvbcω)

]
. (2.37)

This approximation is compared with numerically-determined cross sections in Fig. 2.8,

showing excellent agreement.
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2.4 Low-frequency regime

In this section we analyze the low-frequency limit of the Reissner-Nordström absorption

cross section for the massive chargeless scalar field, following the method of Ref. [21]. The

results obtained in this section are valid in the regime where the incident wavelength of

the scalar field is much larger than the radius of the black hole.

We will first analyze the case for general Reissner-Nordström black holes (r+ > r− > 0)

and then specialize to the cases of the Schwarzschild (Q = 0, r+ = 2M , r− = 0) and

extreme Reissner-Nordström black holes (Q = M , r+ = r− = M).

We consider three different regions: the region very close to the black hole (region

I ), an intermediate region, in which the frequency and mass terms are much smaller

than the other contributions in Eq. (2.4) (region II ), and a region distant from the black

hole (region III ). We match together the solutions in these three regions to get a global

solution.

2.4.1 General case

We may rewrite the differential equation (2.4) as

f

r2

d

dr

(
fr2 d

dr
ϕ

)
+ (ω2 − VRN(r))ϕ = 0, (2.38)

where ϕ = r−1ψωl [cf. Eq. (2.3)] and

VRN = f

(
µ2 +

l(l + 1)

r2

)
. (2.39)

For region I (r ≈ r+), Eq. (2.38) is approximately

d2ϕ

dr2
∗

+ ω2ϕ = 0, (2.40)

with ϕIRN ∝ e−iωr∗ representing a transmitted wave. We may write the tortoise coordinate

explicitly as a function of r, as

r∗ = r +
r2

+

r+ − r−
ln(r − r+)−

r2
−

r+ − r−
ln(r − r−), (2.41)

after fixing the constant of integration appropriately. Let us consider the dominant term

of Eq. (2.41), for r → r+,

r∗ ∼
r2

+

r+ − r−
ln(r − r+) + r(0)

∗ (2.42)



2.4. LOW-FREQUENCY REGIME 36

where r
(0)
∗ is a constant, so that

ϕIRN = Atra
RN |r − r+|−iωα . (2.43)

Here Atra
RN is a complex constant, and α = r2

+/(r+ − r−).

In order to find the solution in region II we take the limit ω → 0, µ→ 0 in Eq. (2.38).

Since we are interested in computing the absorption cross section in the limit Mω,Mµ�

1, we may restrict ourselves to the l = 0 mode, which is the dominant term in this limit

1. Thus, the differential equation reduces to

d2

dr2
ϕRN −

(r+ + r− − 2r)

(r − r+)(r − r−)

d

dr
ϕRN = 0, (2.44)

with solution given by

ϕIIRN = ζ ln

(
r − r+

r − r−

)
+ τ. (2.45)

where ζ and τ are constants to be determined.

We now seek an overlap between the solutions in regions I and II. We may rewrite

Eq. (2.43) as

ϕIRN ≈ Atra
RN (1− iωα ln(r − r+)) . (2.46)

If we take the limit r → r+ in Eq. (2.45) we obtain

ϕIIRN = ζ ln(r − r+)− ζ ln(r+ − r−) + τ. (2.47)

Comparing Eqs. (2.46) and (2.47) yields

ζ = −iωαAtra
RN,

τ = (1− iωβ)Atra
RN,

(2.48)

where β = α ln(r+ − r−).

For region III (r � r+) we can rewrite Eq. (2.38) as{
d2

dr2
+

[
(ω2 − µ2) +

2M(2ω2 − µ2)

r
− l(l + 1)

r2

]}
rf 1/2ϕ = 0, (2.49)

1In Ref. [21] it is shown that the low-frequency limit of the transmission coefficient for small black

holes behaves as ω2l+2, so that the l = 0 contribution is dominant in this limit.
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where we neglect terms of O (1/r2) that are proportional to ω2 and µ2, and terms of order

1/r3 and higher. The solution to the above equation can be written as:

ϕIIIRN = a
Fl(η, ωvr)

r
+ b

Gl(η, ωvr)

r
, (2.50)

where η = −Mω(1+v2)/v, and Fl(η, x) and Gl(η, x) are the regular and irregular Coulomb

wave functions, respectively [82]. In the far-field, we may write

ϕIIIRN ≈ Aref
RNe

iϑ + Ainc
RNe

−iϑ, (2.51)

where ϑ = ωvr − lπ/2− η ln(2Mωvr) + argΓ(l + 1 + iη). Here Ainc
RN and Aref

RN are related

to a and b by

Ainc
RN =

−a+ ib

2i
, Aref

RN =
a+ ib

2i
. (2.52)

For ωr � 1 and l = 0, Eq. (2.50) reduces to

ϕIIIRN = a$ωv +
b

$r
, (2.53)

where we have used for the Coulomb wave functions

F0(η, x) = $x, G0(η, x) =
1

$
, (2.54)

and

$2 =
2πη

e2πη − 1
=
−2πMω(1 + v2)/v

e−2πMω(1+v2)/v − 1
. (2.55)

In the asymptotic limit, Eq. (2.45) becomes

ϕIIRN = −ζ r+ − r−
r

+ τ. (2.56)

Using Eqs. (2.48), (2.53) and (2.56), we find

a =
Atra

RN

$ωv
(1− iωβ) ,

b = ir2
+ω$A

tra
RN.

(2.57)

We substitute Eq. (2.57) in Eq. (2.52) and obtain

Ainc
RN = −Atra

RN
(1+r2+ω

2$2v−iωβ)
2i$ωv

,

Aref
RN = Atra

RN
(1−r2+ω2$2v−iωβ)

2i$ωv
.

(2.58)
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The reflection coefficient is given by

|Rωl|2 =

∣∣∣∣Aref
RN

Ainc
RN

∣∣∣∣2 =

∣∣∣∣1− r2
+ω

2$2v − iωβ
1 + r2

+ω
2$2v − iωβ

∣∣∣∣2 , (2.59)

which, recalling Eq. (2.21), gives for the absorption cross section, for l = 0, in the

approximation ω ≈ 0 and m ≈ 0:

σ =
π

ω2v2

(
4r2

+ω
2$2v

(1 + r2
+ω

2$2v)
2

+ ω2β2

)
. (2.60)

We can take only the first term in the denominator of Eq. (2.60) and write

σ =
4πr2

+$
2

v
=

4(πr+)2(2Mµ)(1 + v2)

v2
√

1− v2
{

1− exp
(
−2πMµ(1+v2)

v
√

1−v2

)} , (2.61)

where we also wrote ω in terms of v.

For velocities above vc = 2πMµ we can make the expansion

1− exp

(
−2πMµ(1 + v2)

v
√

1− v2

)
=

2πMµ(1 + v2)

v
√

1− v2
. (2.62)

Substituting Eq. (2.62) in Eq.(2.61), we obtain

σ
(1)
lf =

A
v
, (2.63)

where A = 4πr2
+ is the area of the Reissner-Nordström black hole. If we consider now the

limit v → 0 in Eq. (2.61), we obtain

σ
(2)
lf =

4(πr+)2(2Mµ)

v2
. (2.64)

We then have for the low-frequency limit

σlf =

σ
(1)
lf = A/v, v & vc,

σ
(2)
lf = 4(πr+)2(2Mµ)

v2
, v . vc,

(2.65)

where vc is the transition velocity. If we take µ = 0 in Eq. (2.65) we see that σ
(1)
lf = A,

while σ
(2)
lf = 0, retrieving the general result for the low-frequency absorption cross section

of massless scalar fields [83, 84].
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2.4.2 Schwarzschild case

Having outlined the procedure for the Reissner-Nordström case in the previous subsection,

we can directly find the results for the Schwarzschild case by inserting r+ = 2M and r− = 0

in the previous expressions. We have then, from Eq. (2.61),

σ =
4π(2M)2$2

v
=

(4Mπ)2(2Mµ)(1 + v2)

v2
√

1− v2
{

1− exp
(
−2πMµ(1+v2)

v
√

1−v2

)} (2.66)

Taking the appropriate limits of Eq. (2.66), we obtain

σlf =

σ
(1)
lf = 16π/v, v & vc,

σ
(2)
lf = (4Mπ)2(2Mµ)

v2
, v . vc.

(2.67)

These results were originally obtained by Unruh, in 1976 [21].

2.4.3 Extreme case

For the extreme Reissner-Nordström case, in which r+ = r−, we can repeat the procedure

of subsection 2.4.1 with minor modifications. We have Eq. (2.38) with VRN → Ve, where

Ve =

(
1− M

r

)2(
µ2 +

l(l + 1)

r2

)
. (2.68)

The tortoise coordinate for the extreme case is

r∗ = r + 2M ln(r −M)− M2

r −M
. (2.69)

We consider only the dominant term of Eq. (2.69), for r →M , i.e.,

r∗ = − M2

r −M
+ r(0)

∗ . (2.70)

The solution in region I is given by

ϕIe = Atra
e exp

[
iωM2/(r −M)

]
. (2.71)

For region II, the radial equation reduces to

d2

dr2
ϕe +

2

(r −M)

d

dr
ϕe = 0, (2.72)
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with solution given by

ϕIIe =
ζe

r −M
+ τe. (2.73)

If we take the limit ω → 0 in Eq. (2.71), we obtain

ϕIe = Atra
e

(
1 + i

ωM2

r −M

)
. (2.74)

Comparing Eqs. (2.73) and (2.74) yields

ζe = iωM2Atra
e ,

τe = Atra
e .

(2.75)

For region III we have again the solution (2.50) and for low frequencies we have

Eq. (2.53). Considering Eq. (2.73) in the limit r →∞, we obtain

ϕIIe =
ζe
r

+ τe. (2.76)

Using Eqs. (2.53), (2.75) and (2.76), we find

a = Ainc
e /($ωv),

b = iM2ω$Ainc
e .

(2.77)

We substitute Eq. (2.77) in Eq. (2.52) to obtain

Ainc
e = −Atra

e
(1+M2ω2$2v)

2i$ωv
,

Aref
e = Atra

e
(1−M2ω2$2v)

2i$ωv
,

(2.78)

which gives us for the absorption cross section, for l = 0,

σ =
π

ω2v2

(
4M2ω2$2v

(1 +M2ω2$2v)2

)
, (2.79)

in the low-frequency regime. Considering only the first term in the denominator of Eq.

(2.79) and writing ω in terms of v, we are left with

σ =
4πM2$2

v
=

4(πM)2(2Mµ)(1 + v2)

v2
√

1− v2
{

1− exp
(
−2πMµ(1+v2)

v
√

1−v2

)} . (2.80)

Taking the appropriate limits, we obtain

σlf =

σ
(1)
lf = 4πM2/v, v & vc,

σ
(2)
lf = 4(πM)2(2Mµ)

v2
, v . vc.

(2.81)
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2.5 Numerical computations

In this section we present numerical results for the absorption cross section, obtained by

solving the radial equation, Eq. (2.4), numerically for general frequencies. We integrate

the solution from (close to) the event horizon to a large r. By matching the numerical

solutions onto the asymptotic forms in Eq. (2.6), we obtain the reflection and transmission

coefficients and, via Eqs. (2.20)–(2.21), and therefore the absorption cross section of the

massive chargeless scalar field for the Reissner-Nordström spacetime.
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Figure 2.6: Total absorption cross section for Mµ = 0.4 and for different values of the

black hole charge Q. We also plot the classical (high-frequency) limit σhf in each case.

In Fig. 2.6 we compare the scalar-wave absorption cross section with the geodesic cap-

ture cross section σhf = πb2
c [cf. Eq. (2.26)]. We see that σ exhibits regular oscillations

around σhf. We note that the critical impact parameter bc, and hence also the absorp-

tion cross section, diminishes as the the charge-to-mass ratio Q/M increases. This is in

agreement with results for the non-massive case [31].

In Fig. 2.7 we examine the effect of varying the mass of the scalar field µ. We see that,

in the case Mµ > Mµc(Q, l), the cross section diverges as 1/v2 in the limit ω → µ, as

expected from Eq. (2.21). As described in Sec. 2.4, in the very low-frequency regime the

cross section instead diverges as 1/v. In the high-frequency limit (ω � 1 and ω/µ� 1 [or
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Figure 2.7: Total absorption cross section for Q/M = 0.4 and different values of Mµ.

equivalently v → 1]), Fig. 2.7 shows that the massive results converge to their massless

counterparts.
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Figure 2.8: Comparison of the ‘sinc approximation’, Eq. (2.37), with numerical results

from the partial-wave method, for the case Mµ = 0.4, Q/M = 0.4. Similar levels of

agreement are found for all Q/M , in the moderate-to-large ω regime.

Figure 2.8 shows that the oscillations in the cross section are well modelled by the sinc
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approximation in Eq. (2.37). As anticipated [cf. Eq. (2.37)], the width of the oscillation

(in ω) approaches 1/(vbc) in the limit ω →∞.
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Figure 2.9: Partial absorption cross section for the monopole (l = 0) mode for charge-to-

mass ratio Q/M = 0.4, and four choices of Mµ. Note that the local minimum disappears

as Mµ increases above Mµc = 0.195.

In Fig. 2.9 we show the partial absorption cross section for l = 0 and different values of

the mass coupling Mµ, above and below the critical mass Mµ [for Q/M = 0.4 and l = 0,

(Mµ)c = 0.195]. For Mµ < Mµc the absorption cross section presents a local minimum.

For Mµ & (Mµ)c, σl=0 becomes a monotonic function of the frequency.

In Fig. 2.10 we compare the partial absorption cross section for l = 0 with the

analytical results given by Eq. (2.65) for Q/M = 0.4 and Mµ = 0.04, showing that the

the low-frequency limit of the absorption cross section transits smoothly from σ
(1)
lf to σ

(2)
lf

around vc.

Figures 2.11 and 2.12 show the total and partial absorption cross section for Mµ = 0.04

and Mµ = 0.4, respectively. For Mµ = 0.04 we see that the monopole (l = 0) gives the

main contribution for ω/µ . 5. As shown in Sec. 2.4, in the low-frequency limit the

absorption cross section tends to A/v, which diverges as ω → µ. For Mµ = 0.4 we see

that both the partial cross sections for l = 0 and l = 1 diverge in this limit. This occurs

because the value of the mass coupling in this case is very close to the critical mass for
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Figure 2.10: Comparison between the partial absorption cross section σl=0 [solid line],

and the approximate analytical results of Eq. (2.65) [broken lines], for the case Q/M = 0.4

and Mµ = 0.022. A transition in behavior is visible near vc ≈ 0.138.

l = 1 [for Q/M = 0.4 and l = 1, (Mµ)c = 0.405]. We note that, in this case, since

Mµ = 0.4, the low-frequency approximation A/v, although still valid for the partial cross

section σl=0, is not a good approximation for the total low-frequency absorption cross

section, as the condition Mµ� 1 is not fully satisfied and σl=1 also diverges in this limit.

In Fig. 2.13 we plot the transmission and reflection coefficients for Mµ = 0.04 and

Mµ = 0.4 (Q/M = 0.4). We observe that in the case with smaller mass coupling (Mµ =

0.04) the transmission coefficient starts at zero and then goes to unity as ω increases, for

all values of l. In the case with mass coupling Mµ = 0.4, the transmission coefficient for

l = 0 is close to the unity for all frequencies. This may be understood by noting that

Mµ > Mµc in this case, and so there is no effective potential barrier for unbound modes;

hence near-total absorption is to be expected.

In Fig. 2.14 we show the transmission and reflection coefficients for the monopole

(l = 0) for a selection of values of the mass coupling. We can see that for Mµ = 0.04

the transmission coefficient starts near zero, but, as we choose larger values of the mass

coupling, the value at ω = µ (v = 0) increases. Beyond the critical mass Mµ > Mµc =

0.193 the value at ω = µ is very close to unity.
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Figure 2.11: Total and partial absorption cross sections for Q/M = 0.4 and Mµ = 0.04.

The inset shows the low-frequency limit of the absorption cross section.
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Figure 2.12: Total and partial absorption cross sections for Q/M = 0.4 and Mµ = 0.4.

The inset shows the low-frequency limit of the absorption cross section.

2.6 Discussion

We have computed the absorption cross section of a massive chargeless scalar field by

a Reissner-Nordström black hole for a range of frequencies. We compared our results
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Figure 2.13: Transmission (left plots) and reflection (right plots) coefficients for Q/M =

0.4 and for mass couplings Mµ = 0.04 (top plots) and Mµ = 0.4 (bottom plots), for

l = 0, 1 and 2.
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against (semi-)analytic approximations derived in the high- and low-frequency regimes.

In the moderate-to-high frequency regime, we have verified that the total absorption

cross section oscillates around the geodesic capture cross section, as quantitatively de-

scribed in Sec. 2.3. We have shown that the regular oscillations in the cross section (as

a function of frequency) are encapsulated by the ‘sinc’ approximation [Eq. (2.37)], which

we derived via the complex angular momentum formalism. Following Refs. [77, 78], we

showed that the properties of the oscillations in the cross section (i.e. their frequency and

amplitude) are set by the frequency and Lyapunov exponent of the unstable orbit in the

spacetime at r = rc.

For Mµ . Mµc [20], we found that absorption in the monopole exhibits a local

minimum (Fig. 2.9), whereas for Mµ & Mµc the absorption by the monopole increases

monotonically as v → 0. The critical mass Mµc increases somewhat with charge-to-mass

ratio Q/M , as shown in Fig. 2.2. For Mµ > Mµc(l), the mode l is essentially entirely

absorbed by the black hole. Hence, if Mµ > Mµc(l = 0) then, by Eq. (2.21), the cross

section will diverge as v−2 (rather than v−1) in the limit v → 0.

We have also found analytical solutions for the low-frequency limit, showing that the

absorption cross section can go to different values depending on the velocity of the field.

Recently a new dark matter candidate has been proposed by Hui et al. [85], in the form

of a scalar field with mass m ≈ 10−22 eV/c2 and de Broglie wavelength λB ≈ 1 kpc.

Its corresponding velocity is v ≈ 4 × 10−4, found from v = (1 + λ2
B/λ

2
C)
−1/2

, where

λC = h/mc ≈ 0.4 pc is the Compton wavelength. For a black hole mass M1 = 3.6×106M�

(e.g. Sgr. A* [86]), we find vc ≈ 1.7 × 10−5 and thus v > vc; whereas for a supermassive

black hole of mass M2 = 2× 108M� (e.g. Andromeda’s supermassive black hole has mass

(1.1 − 2.3) × 108M� [87]) we find vc = 9.4 × 10−4 and thus v < vc. This suggests that

both regimes of Eq. (2.65) are potentially relevant in the scenario of Hui et al., and that

disparate cross sections are possible. For example, σ
(1)
lf ≈ 3.6 × 1024m2 for M1 (Sgr. A*)

and σ
(2)
lf ≈ 2.6× 1028m2 for M2 (Andromeda).

In the scenario explored here, the black hole’s charge has a rather passive influence

on the (uncharged) field, via the influence of charge on the spacetime geometry. We

have found that, in general, the effect of black hole charge is to shift key features of the
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absorption profile of the Schwarzschild black hole. Let us briefly compare a charged black

hole with an uncharged black hole of identical mass. The former appears ‘smaller’ than

the latter, in several regards, as the former (i) has a smaller horizon area, (ii) has a smaller

critical impact parameter bc, (iii) casts a smaller shadow when illuminated by background

radiation, (iv) possesses an unstable circular orbit with a smaller radius (and higher

orbital frequency), and (v) exhibits (in general) a smaller scalar-wave absorption cross

section, than the latter. These points are interrelated. The critical impact parameter

bc determines the size of the shadow [(ii)] and also the absorption cross section in the

high-frequency regime. Via Eq. (2.37), the impact parameter determines the wavelength

of the oscillations-with-frequency seen in (e.g.) Figs. 2.6–2.8. The amplitude and decay of

these oscillations are set by the critical impact parameter [Eq. (2.24)] and the Lyapunov

exponent of the unstable circular orbit [Eq. (2.35)], whose dependence on Q/M and v is

subtle (see Fig. 2.3).

The field mass creates qualitatively new effects, leading to (e.g.) a divergence in the

cross section as v → 0, and total absorption in low multipoles l+ 1/2 . γMµ, where the

numerical coefficient γ may be inferred from Fig. 2.2. For any known massive Standard

Model fields on a solar-mass black hole spacetime, Mµ � 1; in such cases, the horizon

scale is many orders of magnitude larger than the Compton wavelength of the massive

field. However, this is not necessarily true for primordial black holes, or for (posited)

ultralight particles such as the axion. To get (e.g.) Mµ ∼ 10−2, one may have M ∼

108 kg in the case of the Higgs boson; M ∼ 1011 kg in the case of the neutral pion; or

(e.g.) M ∼ 2× 1030 kg for a (posited) axion of mass µ ∼ 10−12 eV.



Chapter 3

Absorption of a massive and charged

scalar field by charged static black

holes

In this chapter we compute the absorption cross section for a charged and massive scalar

field in a Reissner-Nordström background for the full range of frequencies, using a numer-

ical approach. We compare our numerical results with the low- and high-frequency limits,

which we obtain analytically. We also analyse the superradiant scattering implications in

the partial and total absorption cross sections.

3.1 The field equations

The Klein-Gordon equation for a charged and massive scalar field in this geometry can

be written as

(∇ν − iqAν)(∇ν − iqAν)Φ = µ2Φ, (3.1)

where µ and q are the mass and charge of the scalar field, respectively, and Aν =

(Q/r, 0, 0, 0) is the vector potential of the background electromagnetic field. We can

solve Eq. (3.1) by making a separation of variables, such as

Φωl =
ψωl(r)

r
Pl(cos θ)e−iωt, (3.2)
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where ψωl(r) satisfies the radial equation

f
d

dr

(
f
d

dr
ψωl

)
+ Veff(r)ψωl = 0, (3.3)

with the effective potential

Veff(r) =

[(
ω − qQ

r

)2

− f
(
µ2 +

l(l + 1)

r2
+
f ′

r

)]
. (3.4)

Since we are interested in absorption and scattering properties, we assume that the scalar

field is unbounded, so that ω > µ.

We can use the tortoise coordinate r∗, defined by dr∗/dr = f−1, in Eq. (3.3) and

obtain a Schrödinger-like equation, namely

d2

dr2
∗
ψωl + Veff(r)ψωl = 0. (3.5)

Taking the asymptotic limits of Eq. (3.5) we find the solutions

ψωl(r) ≈

 Tωl e
−iξr∗ , for r → r+,

e−iρr∗ +Rωle
iρr∗ , for r →∞,

(3.6)

where ξ ≡ ω − qQ/r+ and ρ ≡
√
ω2 − µ2. Tωl and Rωl are associated to the transmitted

and reflected parts of the wave. By imposing the conservation of the flux, we find the

relation

|Rωl|2 +
ξ

ρ
|Tωl|2 = 1, (3.7)

where |Rωl|2 is the reflection coefficient and |Tωl|2 is the trasmission coefficient.

When qQ < 0, ξ > 0 and we have an incoming wave at the horizon, implying that

there is no superradiance for this case. On the other hand, when qQ > 0 and ω < |qQ|/r+

we have ξ < 0. In this case, the sign of the exponential e−iξr∗ is switched and instead of an

incoming wave at the horizon we have an outgoing wave. This implies in a superradiant

scattering, since this outgoing wave at the horizon will reinforce the outgoing wave at

infinity.

The absorption cross section is given by

σ =
∞∑
l=0

σl, (3.8)
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where the partial absorption cross section σl is given by

σl =
π

ρ2
(2l + 1)(1− |Rωl|2)

= π
ξ

ρ3
(2l + 1)|Tωl|2. (3.9)

3.2 Analytical results

3.2.1 Low-frequency limit

In this subsection we compute the absorption cross section in the limit ω � 1. In order

to find an analytical solution we also assume µ � 1 and qQ/r+ � 1. We follow the

same method used by Unruh in Ref. [21], which consists in making a separation of the

parameter space in three different regions, namely:

• Region I, very close to the black hole event horizon, i.e., r → r+;

• Region II, low-frequency limit, where ω, µ and qQ/r+ are much smaller than 1;

• Region III, far away from the black hole event horizon, i.e., r � r+.

We find similar equations to the ones obtained in Sec. 2.4 for each region, which are

ϕωl(r) ≈


Atrae−iξr∗ , for Region I,

ζ ln
(
r−r+
r−r−

)
+ τ, for Region II,

aFl(η̄,ωvr)
r

+ bGl(η̄,ωvr)
r

, for Region III,

(3.10)

where ϕωl ≡ ψωl/r; Fl(η̄, ωvr) and Gl(η̄, ωvr) are the regular and irregular spherical wave

functions, respectively; Atra, ζ, τ, a and b are constants, and

η̄ = −M(ω2 + ρ2)

ρ
+
qQ

2ρ
. (3.11)

We then make an interpolation between the regions and find the low-frequency ab-

sorption cross section, given by

σlf =
A
ρ

(
ω − qQ

r+

)
, (3.12)

where A = 4πr2
+ is the area of the black hole. We see that for q = 0, Eq. (3.12) gives

us A/v, where v =
√

1− µ2/ω2, which is the result obtained for the massive chargeless

scalar field in a Reissner-Nordström background, as shown in Sec. 2.4 [62].
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3.2.2 High-frequency limit

In the limit ω � µ the field can be analyzed as a charged particle. Is this case the particle

does not follow a geodesic, since it is subjected to the Lorentz force caused by the charged

black hole. From Eq. (1.14), we write(
du

dφ

)2

= −f(u)u2 + (1− f(u))
µ2

L2
+
Q2u2q2

L2
− 2QqEu

L2
+
E2 − µ2

L2
, (3.13)

where u ≡ 1/r and f(u) = 1 − 2Mu + Q2u2. E and L are the energy and the angular

momentum of the particle, respectively, which, in the semiclassical limit can be associated

to E → ω and L→ l + 1/2, respectively.

The high-frequency absorption cross section is given by σhf = πb2
c , where the critical

impact parameter is given by bc = Lc/
√
E2
c − µ2 and Lc and Ec are the critical angular

momentum and critical energy, respectively. With Eq. (3.13) and its derivative we can

find bc and, consequently, the high-frequency absorption cross section. We have found a

lengthy closed-form solution for the critical impact parameter bc, which we will not exhibit

here.

3.3 Numerical analysis

We can solve the radial equation (3.3) numerically, from very close to the black hole event

horizon to very far away from it, using the asymptotical expressions, given by Eq. (3.6)

and their derivatives. We can use the mass of the black hole as a normalization factor and

fix the values of Q, q and µ. With the radial solution we are able to compute numerically

the reflection coefficient and the absorption cross section.

Figure 3.1 shows the reflection coefficient for Mµ = 0.4, Q/M = 0.8, l = 0, and

different choices of Mq. In this plot we exhibit only the part of the reflection coefficient

that is greater than 1. We see that, as we increase the charge of the field, keeping its

mass fixed, the maximum of the reflection coefficient grows and moves to the right, i. e.,

happens for bigger values of the frequency.

If we fix Mq = 1.6 and vary Mµ, as in Fig. 3.2, we see that for smaller values of Mµ

we have greater values of the reflection coefficient. We also notice a modification in the
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Figure 3.1: Reflection coefficient as a function of the frequency for Mµ = 0.4, Q/M = 0.8,

l = 0, and different choices of Mq.
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As in Fig. 3.1, here we only exhibit the values of |Rωl|2 which are greater than 1.
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Figure 3.3: Total absorption cross section as a function of the frequency, for Mµ = 0.4,

Q/M = 0.4, and different choices of Mq.

shape of the reflection coefficient as we vary the parameter Mµ.

In Fig. 3.3 we compare the high-frequency limit of the absorption cross section with

the numerical results for a fixed black hole charge and different choices of the scalar

field charge. We observe that (i) the numerical results oscillate around the analytical

approximation, even for intermediate values of the frequency, and (ii) as we increase the

charge of the field the absorption cross section decreases. We can also observe from Fig.

3.3 that, depending on the charge of the field, we can have a finite value for the absorption

cross section in the limit ω/µ → 1, contrasting with the chargeless massive field case, in

which we always have a divergent absorption cross section in this limit.

Figure 3.4 presents the total absorption cross section for different choices of the mass

coupling Mµ. We see that, for fixed values of Q/M and Mq, as we increase the mass

coupling the total absorption cross section also increases.

In Fig. 3.5 we compare our numerical results for the l = 0 case with the low-frequency

absorption cross section σlf, given by Eq. (3.12). We see that for very small mass couplings

Mµ, σlf gives a good approximation for the absorption cross section, but as we increase

the mass coupling, the approximation gets worse, once that the numerical results go to

infinity faster than the analytical ones.
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Figure 3.4: Total absorption cross section for Q/M = 0.4, Mq = 1.6, and different values

of Mµ. As in Fig. 3.3, here we also exhibit the corresponding high-frequency result.

In Fig. 3.6 we show the partial and total absorption cross sections as function of the

frequency for Mµ = 0.4, Q/M = 0.4, and Mq = −0.4. In this case Qq < 0, therefore

we do not have superradiance. Moreover, in the low frequency limit the total absorption

cross section goes to infinity.

In Fig. 3.7 we present the partial and total absorption cross sections for Mµ =

0.4, Q/M = 0.8, and Mq = 1.6. In the inset we can observe that for 1 < ω/µ . 2

the total and partial absorption cross sections for l = 0 and l = 1 have negative values,

implying that, in this case, we have superradiant scattering.

3.4 Discussion

We studied the Klein-Gordon equation for a charged and massive scalar field in a Reissner-

Nordström background. We found the reflection coefficient and the absorption cross

section, comparing numerical and approximate analytical results. Some of the features

are similar to the chargeless scalar case, but the charge introduces new aspects.

We obtained that the total absorption cross section exhibits a wiggly pattern as a

consequence of the individual contributions of the partial absorption cross sections, which
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Figure 3.7: Partial and total absorption cross sections for Mµ = 0.4, Q/M = 0.8, and

Mq = 1.6.

present maxima for different values of the frequency. Another interesting feature observed

is that as we increase the charge coupling qQ, the absorption cross section gets smaller.

This is due to the presence of a repulsive electromagnetic interaction (the Lorentz force)

for qQ > 0 competing with the gravitational interaction, causing the decrease of the

absorption.

If the charges of the field (q) and of the black hole (Q) have opposite signs, the

absorption cross section is bigger than for the chargeless field case, due to the Lorentz

attraction between the charges.

It is also worth emphasizing that for Qq > 0, in the limit ω → µ, we can have finite

values for the absorption cross section of the charged massive field; while for the case

in which q = 0 the total absorption cross section always tends to infinity in this limit.

Therefore the Lorentz repulsion force can render finite the low-frequency limit of the

absorption cross section.

Concerning the analytical results, for the high-frequency limit we have been able to find

the geometric optics limit of the absorption cross section and the numerical results oscillate

around this limit. A similar behaviour is observed in the absorption of the chargeless

massive scalar field by a Reissner-Nordström black hole. For the low-frequency limit we
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found an analytical approximation for the absorption cross section in the case when Mµ

and Qq/r+ are very small. The result we found can be regarded as a generalization of the

one obtained for the chargeless massive scalar field [62].

We have shown that we can have superradiance of a charged and massive scalar field in

a Reissner-Nordström background and that this superradiance increases with the increase

of Qq and with the decrease of Mµ. As we have seen, both the partial and the total

absorption cross section can be negative. Partial waves are associated to spherical waves

which, when appropriately summed, give rise to a planar wave. Our results show that

planar scalar waves can be superradiantly amplified by black holes. This contrasts with

the case of the rotating Kerr black hole [27], for which we also have negative partial scalar

absorption cross sections, but they combine in a way that the total scalar absorption cross

section is always positive. Even for the acoustic black hole analogue system with rotation,

namely the draining bathtub, superradiance is not enough to imply in a negative total

absorption cross section [88].

We can understand this difference between the uncharged rotating and charged black

hole cases by realizing that for the rotating case we have, for the total scalar absorption

cross section, besides the sum in l, a sum in m. Consequently, when the partial contribu-

tions of m are added, a positive sum is always obtained, resulting that planar scalar waves

impinging in a Kerr black hole never present negative total absorption cross section.

Superradiant amplification of planar waves has also been reported for optical systems,

related to electromagnetic scattering in active media [89–91].



Chapter 4

Absorption of a massless and

chargeless scalar field by

Kerr-Newman black holes

We compute numerically the absorption cross section of planar massless scalar waves

impinging upon a Kerr-Newman black hole with different incidence angles. We investigate

the influence of the black hole electric charge and angular momentum in the absorption

spectrum, comparing our numerical computations with analytical results for the limits of

high and low frequency.

4.1 Field equations

A scalar field Φ(xµ) is governed by the Klein-Gordon equation, which in a curved space-

time can be written in its covariant form as

1√
−g

∂µ
(√
−ggµν∂νΦ

)
= 0, (4.1)

where gµν are the covariant components of the Kerr-Newman metric, which can be ob-

tained directly from Eq. (1.28). gµν are the contravariant components of the metric and

g is the metric determinant.
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We can decompose the scalar field in wavelike solutions of Eq. (4.1), as follows:

Ψ =
+∞∑
l=0

+l∑
m=−l

Uωlm(r)√
r2 + a2

Sωlm(θ)eimφ−iωt. (4.2)

The functions Sωlm, appearing in Eq. (4.2), are the standard oblate spheroidal har-

monics [92], which satisfy the following equation(
d2

dθ2
+ cot θ

d

dθ

)
Sωlm +

(
λlm + a2ω2 cos2 θ − m2

sin2 θ

)
Sωlm = 0, (4.3)

where λlm are the eigenvalues of the spheroidal harmonics. These angular functions are

normalized as follows: ∫
dθ sin θ |Sωlm(θ)|2 =

1

2π
. (4.4)

Through the definition of the tortoise coordinate r? in the Kerr-Newman spacetime,

namely,

r∗ ≡
∫
dr

(
r2 + a2

∆

)
, (4.5)

the differential equation obeyed by the radial function Uωlm can be rewritten as(
d2

dr2
∗

+ Vωlm

)
Uωlm(r∗) = 0, (4.6)

with Vωlm given by

Vωlm(r) =

(
ω −m a

r2
+ + a2

)2

+

[
2Mr − 2r2 −∆ +

3r2

r2 + a2
∆

]
∆

(r2 + a2)3

−
(
a2ω2 + λlm − 2maω

) ∆

(r2 + a2)2 . (4.7)

In Fig. 4.1 we plot the function −M2Vωlm for different values of the rotation parameter

(left panel) and BH charge (right panel), fixing ω = 0.1 and l = m = 1 in both cases. We

note that the larger are the BH rotation and charge, the larger is −M2Vωlm. Moreover,

−M2Vωlm presents a maximum and then goes to −M2ω2 at infinity.

The radial equation (4.6) has a set of independent solutions usually labelled as in, up,

out and down. The in modes are the appropriate ones to study absorption and scattering
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Figure 4.1: LEFT: The function −M2Vωlm is plotted for Q/M = 0.4 and different values

of a. RIGHT: We plot −M2Vωlm as function of r for a fixed value of the BH angular

momentum, a = 0.8M , and different values for the BH charge, Q. For both cases we

choose Mω = 0.1 and l = m = 1.

processes, since they denote purely incoming waves from the past null infinity. These

modes have the following asymptotic behavior

Uωlm(r∗) ∼

 Iωlme−iωr∗ +Rωlme
iωr∗ (r∗/M →∞),

Tωlme−i(ω−mΩH)r∗ (r∗/M → −∞),
(4.8)

in which ΩH ≡ a
r2++a2

is the event horizon angular velocity. The coefficients Rωlm and

Tωlm are related to the reflection and transmission coefficients, respectively, and obey the

equation ∣∣∣∣Rωlm

Iωlm

∣∣∣∣2 = 1− ω −mΩH

ω

∣∣∣∣TωlmIωlm
∣∣∣∣2 . (4.9)

From this relation one can see that for 0 < ω < mΩH, |Rωlm|2 > |Iωlm|2. This enhance-

ment in the amplitude of the reflected wave is known as superradiance [40].

4.2 Absorption cross section

The absorption cross section can be well described by analytical approximate results in

the low- and high-frequency regimes. In the low-frequency regime, it was shown that
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the absorption cross section of massless scalar waves for stationary BHs, such as a Kerr-

Newman BH, is given by the area of the event horizon. In the high-frequency limit, the

absorption cross section tends to the capture cross section of null geodesics. These limiting

results are important to check the accuracy of our numerical results, which are exhibited

in Sec. 4.3. We anticipate that our numerical results, both in the low- and high-frequency

regimes present great agreement with the analytical limits.

We can obtain an expression for the absorption cross section through the partial-wave

approach, so that the total absorption cross section of massless and chargeless scalar waves

impinging upon a Kerr-Newman BH with an incidence angle γ, is

σ =
∞∑
l=0

l∑
m=−l

4π2

ω2
|Sωlm(γ)|2

(
1−

∣∣∣∣Rωlm

Iωlm

∣∣∣∣2
)
. (4.10)

According to the value assumed by the azimuthal number m, we can distinguish the

modes between corotating (m > 0) and counterrotating (m < 0) with the BH. Hence, the

total absorption cross section can be seen as a sum of the corotating

σco =
∞∑
l=0

l∑
m=1

4π2

ω2

∣∣Sωl(+m)(γ)
∣∣2(1−

∣∣∣∣Rωl(+m)

Iωl(+m)

∣∣∣∣2
)
, (4.11)

and the counterrotating contributions 1

σcounter =
∞∑
l=0

4π2

ω2
|Sωl0(γ)|2

(
1−

∣∣∣∣Rωl0

Iωl0

∣∣∣∣2
)

+
∞∑
l=0

l∑
m=1

4π2

ω2

∣∣Sωl(−m)(γ)
∣∣2(1−

∣∣∣∣Rωl(−m)

Iωl(−m)

∣∣∣∣2
)
, (4.12)

where we split the absorption cross section into superradiant modes (σco) and non-

superradiant ones (σcounter).

4.2.1 Capture cross section

In the high-frequency regime the absorption cross section approaches the capture cross

section of null geodesics, which is given by [27]

σhf =
1

2

∫ π

−π
b2
c(χ, γ)dχ, (4.13)

1Note that the m = 0 mode is included among the counterrotating modes.



4.3. RESULTS 63

 23

 24

 25

 26

 0  10  20  30  40  50  60  70  80  90

σ
h
f 

/ 
(π
M

2
)

γ (deg)

a = 0.9M

Q = 0
Q = 0.1M
Q = 0.2M
Q = 0.3M

 23

 24

 25

 26

 27

 28

 0  10  20  30  40  50  60  70  80  90

σ
h
f 

/ 
(π
M

2
)

γ (deg)

Q = 0.3M

a = 0
a = 0.3M
a = 0.6M
a = 0.9M

Figure 4.2: LEFT: The capture cross section for a fixed value of the rotation parame-

ter (a = 0.9M) and different values of the charge-to-mass ratio (Q/M = 0, 0.1, 0.2, and

0.3). RIGHT: The capture cross section for a fixed value of the BH charge (Q = 0.3M)

and different values of the BH rotation (a/M = 0, 0.3, 0.6, and 0.9).

where bc(χ, γ) is the critical impact parameter and χ is an angle defined in the plane of

the impinging wave, as shown in Fig. 1.1. In the case when bc is constant we recover

σhf = πb2
c , which is the high-frequency absorption cross section for static geometries. We

find the critical impact parameter by solving the equations for R(rc) = 0 and R′(rc) = 0,

where R(r) is given by Eq. (1.39).

The capture cross section is exhibited in Fig. 4.2 as a function of the null geodesic

angle of incidence. We consider different values for the BH rotation parameter (right

panel) and electric charge (left panel), showing that the capture cross section diminishes

as we increase the values of the Kerr-Newman BH spin and charge-to-mass ratio. For the

static case (a = 0) the capture cross section is independent of the incidence angle, but for

a > 0 the capture cross section increases as we increase γ, reaching its maximum value at

the equatorial plane (γ = 90 deg).

4.3 Results

Along this section, we exhibit an assortment of our numerical results for the massless and

chargeless scalar absorption cross section of the Kerr-Newman BH.
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Figure 4.3: LEFT: The total absorption cross section for a fixed BH rotation, a = 0.9M ,

with Q/M = 0, 0.1, 0.2, and 0.3. RIGHT: The total absorption cross section for a black

hole charge Q = 0.3M and different rotation parameters a/M = 0, 0.3, 0.6, and 0.9. Both

left and right panels were obtained for on-axis incidences (γ = 0), and the horizontal lines

are the capture cross section of null geodesics in each case.

In Fig. 4.3 we show the total absorption cross section in the on-axis case (γ = 0) for

a fixed rotation parameter (left panel) and for a fixed black hole charge (right panel). In

the on-axis case we note that the absorption cross section presents a similar behavior to

the static black hole case, i.e., the total absorption cross section starts from a value given

by its event horizon area and then oscillates with a decreasing amplitude around its high

frequency-limit, which is represented by horizontal lines, approaching this value for larger

values of ω. Furthermore, we can see that the larger is the black hole charge and the

faster is its spin, the smaller is the total absorption cross section. This behavior is also

observed for the capture cross section of null geodesics (see Fig. 4.2).

For off-axis incident waves the oscillating pattern of the absorption cross section is

less regular than that of the on-axis case. In order to illustrate this, in Fig. 4.4 we

consider incidences along the equatorial plane γ = 90 deg. In the left panel of Fig. 4.4, we

choose Kerr-Newmann black holes with the same rotation parameter a = 0.8M , but with

different charge-to-mass ratio Q/M = 0.1, 0.3, and 0.6. We also consider rotating and

charged black holes with the same electric charge Q = 0.3M (right panel) and different

rotation parameters a/M = 0.3, 0.6, and 0.9. As a general behavior, we can observe, in
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Figure 4.4: LEFT: The total absorption cross section for incidences along the equato-

rial plane (γ = 90 deg) for a = 0.8M and Q/M = 0.1, 0.3, and 0.5. RIGHT: The

total absorption cross section for γ = 90 deg, with Q = 0.3M and different black hole

rotations a/M = 0.3, 0.6, and 0.9.

both left and right panels of Fig. 4.4, that it is not possible to identify a regular pattern as

in the case of on-axis incidences. As we increase the charge-to-mass ratio the absorption

cross section decreases, but maintains its shape. On the other hand, as we increase a the

absorption cross section becomes less regular.

In Fig. 4.5 we show the results for the corotating and couterrotating contributions

to the total absorption cross section. By examining the corotating and counterrotating

contributions to the absorption cross section separately, it is possible to identify a more

regular behavior. Also, we see that the contributions of the counterrotating modes to

the total absorption cross section are larger than the corotating ones. The corotating

modes are more absorbed as either the BH charge or rotation parameter decreases. The

counterrotating modes are more absorbed as the BH charge decreases and the behavior

for different rotations depends on the frequency regime. In the low-frequency limit the

absorption cross section for counterrotating waves decreases as we increase the rotation

parameter. In this limit the absorption cross section is dominated by the waves with

m = 0 and goes to the area of the black hole as ω → 0. In the high-frequency regime,

σcounter increases as a increases.

In Fig. 4.6 we present the partial absorption cross sections for the dipole mode (l = 1).
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Figure 4.5: LEFT: The corotating (σco) and counterrotating (σcounter) contributions to

the absorption cross section for a = 0.8M , and Q/M = 0.1, 0.3, and 0.5. RIGHT:

The corotating and counterrotating contributions to the absorption cross section for Q =

0.3M , and a/M = 0.3, 0.6, and 0.9.

When we increase the black hole charge (left panel), both the corotating (m = 1) and

counterrotating (m = −1) partial cross sections decrease. On the other hand, when

we increase the rotation parameter (right panel) the associated values of the corotating

partial absorption cross section decrease, while the counterrotating ones increase.

In the Kerr-Newman spacetime, due to superradiance, reflected waves can be amplified,

what results in a negative partial absorption cross section. We show the partial absorption

cross sections, in Fig. 4.7, for the mode l = m = 1, considering incidence along the

equatorial plane. For a fixed rotation parameter (left panel), the larger the black hole

charge is, the smaller is superradiance. On the other hand, when we increase the rotation

parameter (right panel), superradiance increases.

4.4 Discussion

We have obtained numerically the absorption spectrum of planar massless scalar waves

for a Kerr-Newman black hole, considering different values for the black hole rotation

parameter and electric charge. We have confirmed with our numerical results that in

the low-frequency regime the absorption cross section tends to the area of the black hole
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Figure 4.6: LEFT: Conterotating (m = −1) and corotating (m = −1) partial absorption

cross sections for γ = 60 deg, a = 0.9M , and Q/M = 0.1, 0.2, and 0.3. RIGHT:

Conterotating and corotating partial absorption cross sections for a fixed black hole

charge (Q = 0.3M), and different rotation parameters a/M = 0.3, 0.6, and 0.9. Again,

we consider γ = 60 deg. In both right and left panels, the curves associated to the higher

peaks are related to the counterrotating modes while the low peaks are associated to

corotating ones.
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the insets help us to see more clearly the superradiance, which is very small for scalar

waves.
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horizon, while in the high-frequency regime it approaches the capture cross section of null

geodesics.

We have shown that the absorption cross section presents a regular oscillatory behavior

around its high-frequency limit when the waves impinge along the rotation axis (γ = 0).

This oscillatory behavior comes from the contributions of waves with different angular

momentum, l. As either the charge or the rotation parameter increases, the absorption

cross section decreases, what is consistent with the fact that when we increase these

parameters both the area and critical impact parameter of the black hole decrease.

For off-axis incidences (γ 6= 0) we have observed that, in the high-frequency regime,

the absorption cross section behaves with less regular oscillations around the geometric

capture cross section, what is a consequence of the different contributions given by the

co- and counterrotating modes. We have also noted that, for off-axis incidences, the

oscillatory pattern becomes more irregular for larger values of the black hole rotation

parameter.

When we consider the corotating and counterrotating contributions to the absorption

cross section separately, we identify a more regular absorption profile, and we observe

that the counterrotating modes are more absorbed than the corotating ones. Moreover,

we have obtained that the larger the black hole charge and rotation parameter are, the

less absorbed are the corotating waves. For the counterrotating case we have obtained

that the waves are more absorbed as the black hole charge decreases, and as we increase

the rotation parameter we have different behaviors for different frequency regimes. This

happens because in the low-frequency limit the field is dominated by the modes with

m = 0, tending to the area of the black hole horizon, which decreases as we increase the

black hole rotation. As we reach higher values of the frequency, due to the frame dragging

effect, the absorption cross section increases for bigger values of the black hole rotation

parameter.

We have also considered the case of superradiant scattering, finding that superradiance

is larger, the faster the black hole spins and the smaller is the black hole charge. As for

the Kerr case, superradiance yields a negative partial absorption cross section, although

the total absorption cross section remains positive.



Chapter 5

Clouds around Kerr-Newman black

holes

Massive complex scalar fields can form bound states around Kerr black holes. These

bound states – dubbed scalar clouds – are generically non-zero and finite on and outside

the horizon; they decay exponentially at spatial infinity, have a real frequency and are

specified by a set of integer “quantum” numbers (n, `,m). For a specific set of these

numbers, the clouds are only possible along a 1-dimensional subset of the 2-dimensional

parameter space of Kerr black holes, called an existence line. In this chapter we make a

thorough investigation of the scalar clouds due to neutral (charged) scalar fields around

Kerr(-Newman) black holes. We present the location of the existence lines for a variety

of quantum numbers, their spatial representation and compare analytic approximation

formulas available in the literature with our numerical results, exhibiting a sometimes

remarkable agreement.

5.1 Field equations

The charged and massive scalar field obeys Eq. (3.1), where the background electromag-

netic 4-potential is given by Eq. (1.32). In order to solve this equation we decompose the

scalar field as Ψ =
∑

l,m Ψlm and separate variables as Ψlm = Rlm(r)Slm(θ)eimφe−iωt [93],
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where Slm(θ) are the spheroidal harmonics, which obey

1

sin θ

d

dθ

(
sin θ

dSlm
dθ

)
+

(
Klm + a2(µ2 − ω2)− a2(µ2 − ω2) cos θ − m2

sin2 θ

)
Slm = 0 , (5.1)

where Klm are separation constants.

The radial functions Rlm(r) obey the equation

∆
d

dr

(
∆
dRlm

dr

)
+
[
H2 + (2maω −Klm − µ2(r2 + a2))∆

]
Rlm = 0, (5.2)

where H ≡ (r2+a2)ω−am−qQr. We can rewrite Eq. (5.2) using the tortoise coordinates,

defined by
dr∗
dr
≡ r2 + a2

∆
, (5.3)

and obtain a new radial equation without the first derivative term,

d2Ulm
dr2
∗

+

{
[H2 + (2maω − µ2(r2 + a2)− λml)∆]

(r2 + a2)2

−∆(∆ + 2r(r −M))

(r2 + a2)3
+

3r2∆2

(r2 + a2)4

}
Ulm = 0 , (5.4)

in terms of the new functions Ulm, defined as

Ulm ≡ Rlm

√
r2 + a2 . (5.5)

Next we must impose boundary conditions. Any state in a black hole background

should have a purely ingoing boundary condition at the horizon; moreover the bound

states we are looking for should have an asymptotically exponentially decaying behavior.

Analyzing the radial equation (5.2) we find asymptotic solutions compatible with these

requirements

Rlm(r) ≈

 e−i(ω−ωc)r∗ , for r → rH ,

e−
√
µ2−ω2r

r
, for r →∞,

(5.6)

where we defined the critical frequency ωc, given by

ωc ≡ mΩH + qΦH =
ma

r2
H + a2

+
qQrH
r2
H + a2

. (5.7)

In order to study bound states, in the following, we shall focus on the case for which

the field’s frequency equals the critical one, i.e

ω = ωc . (5.8)
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Substituting this in the equations found in the previous chapter we are able to find bound

solutions. We fix the parameters of the holes, apply the boundary conditions for each

problem and find the solutions numerically. We used a shooting method to find the

solutions using both a standard fortran solver, as well as a mathematica routine,

with agreement to high accuracy.

The radial equation (5.2) is solved for given cloud quantum numbers (n, l,m) and

charge q. The field mass µ is taken as a normalization scale and all quantities will be

referred with respect to it. Moreover, we fix the black hole background parameters rH

and Q. In this procedure, we consider the following expansion for the coupling constant

Klm

Klm + a2(µ2 − ω2) = l(l + 1) +
∞∑
k=1

cka
2k(µ2 − ω2)k, (5.9)

where the coefficients ck may be found in Ref. [92].

As r → rH , the radial function (with the critical frequency (5.7)) admits a power series

expansion,

Rlm = R0

(
1 +

∑
k≥1

Rk(r − rH)k
)
, (5.10)

with R0 being an arbitrary nonzero constant. The coefficients Rk are found by replacing

Eq. (5.10) into Eq. (5.2), and solving it order by order in terms of (r − rH). In our

numerical computations, we have considered only the k = 1, 2 terms in (5.10) and took,

without loss of generality, R0 = 1. The Rk exhibit a non-elucidating dependence on the

background parameters (rH , a,Q), on q and on the quantum numbers (l,m); thus we shall

not exhibit them here.

Then, starting with the near horizon expansion (5.10), we search for values of a for

which the radial function Rlm goes to zero (exponentially) at infinity, as given by the sec-

ond relation in Eq. (5.6). The numerical integration of Eq. (5.2) results in a one-parameter

shooting problem. We have found that, for given input parameters (rH , Q, q; l,m), solu-

tions with the right asymptotics exist for a discrete set of a, which can be labeled by

the number n of nodes of the radial function Rlm. In this way we determine the exis-

tence lines of the clouds with a given set of quantum numbers, in the parameter space of

Kerr-Newman black holes.
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We shall now present the results obtained numerically for the clouds. Firstly, we

consider the case of a massive scalar field in the Kerr spacetime (Q = 0 and q = 0); then

we discuss the case of a massive charged scalar field in the Kerr-Newman spacetime. We

always assume the cosmic censorship hypothesis, so that the singularities are hidden by

event horizons; in other words, we never consider over-extreme backgrounds.

5.2 Kerr black hole

For Kerr black holes, the scalar field critical frequency (ωc) and the background horizon

angular velocity are related by ΩH = ωc/m. The existence lines for nodeless clouds

and l = m = 1, 2, 3, 4, 10 were first exhibited in [59], using a black hole mass M vs.

horizon angular velocity ΩH diagram. This particular type of diagram parameterizes the

2-dimensional parameter space of Kerr black holes in an appropriate way for this problem,

due to the relation between the scalar field frequency and the horizon angular velocity.

As such, we shall herein represent existence lines using the same type of diagram.

In Fig. 5.1 we plot the existence lines for the clouds with different node numbers,

n = 0, 1, 2, and angular momentum harmonic indices, l = m = 1, 2. As mentioned before,

the lines with n = 0 and l = m = 1, 2 have already been presented in Ref. [59]. The main

trend concerning these lines is that as l = m is increased the lines move towards smaller

ΩH . The main new feature presented here is that the solutions with nodes move towards

larger values of ΩH as compared to nodeless solutions with the same l,m, converging to

the latter when M → 0. In Section 5.5 we shall provide an intuitive interpretation for the

behavior of these and the following existence lines.

It was briefly mentioned in Ref. [59] that the existence lines for nodeless clouds with a

given value of m and l > m always move towards larger ΩH values than the corresponding

ones with m = l. This is illustrated in Fig. 5.2. The trend we have seen in Fig. 5.1 for

the existence lines with nodes establishes a similar pattern when l,m are fixed and we

increase n. As such, fixing m, the existence line for any n, l that stands on lowest values

of ΩH is the n = 0, l = m line. We recall that the region to the right of a given existence

line – in this type of diagram – consists of background spacetimes that are superradiantly
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Figure 5.1: Existence lines for scalar clouds with various quantum numbers in the mass

vs. horizon angular velocity parameter space of Kerr black holes. The black solid curve

represents the extreme case, a = M and Kerr solutions exist below this line. The blue

dashed and red dotted lines represent the nodeless solution for m = l = 1 and m = l = 2,

respectively. The insets compare the nodeless solutions (n = 0) with the solutions with

n = 1, 2.

unstable against that particular mode. Consequently, the m = l, n = 0 existence line

defines the boundary of the region between stable and unstable Kerr solutions for a given

m mode.

Although there is no general analytic formula for the clouds’ existence lines, some

limiting cases have been considered in the literature which led to analytic formulas valid

within some approximation. Here we shall discuss two such limits, one that applies to

fast rotating black holes and another that applies to slowly rotating black holes.

In Ref. [58] Hod first discussed the clouds for the extremal Kerr black hole and in

Ref. [94] extended his results for near-extremal black holes, obtaining an analytic approx-

imation given by (cf. Eq. (32) in Ref. [94])

µ = mΩH [1 + 2ε̄2] , (5.11)
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Figure 5.2: Analogous plot to Fig. 5.1, but now the insets compare the solutions for m = l

with the solutions with m < l, all with n = 0.

where

ε̄ =
m

2(d+ 1 + 2n)
− m3

4d(d+ 1 + 2n)2

(
rH − r−
rH

)
(5.12)

and d =
√

(2l + 1)2 − 4m2. From these equations we can obtain the existence line for a

given cloud with quantum numbers (n, l,m) and for rapidly rotating black holes, i.e. near

extremality. In Fig. 5.3, however, we plot such line for n = 0, l = m = 1 in an M vs.

a/M diagram for Kerr, but extrapolating the formula for all values of a/M .

Another analytic formula can be obtained from the classic work of Detweiler [95], who

studied superradiance for small values of the mass coupling, Mµ� 1. His results can be

specialized to the critical frequency ωc = mΩH . Since ω < µ for bound states, we obtain

that Detweiler’s results apply to slowly rotating black holes, i.e. ΩHM � 1; then, an

analytical formula can be obtained (solving Eq. (26) of Ref. [95] for µ), namely:

µ =
1√
2

[
p2

M2
−
√
p2(p2 − 4M2m2Ω2)

M2

]1/2

, (5.13)

where p = l + n + 1. In Fig. 5.3 we plot the corresponding existence line for l = m = 1

and n = 0, extrapolating to all values of a. In this figure, besides the approximations

derived from Eq. (5.11) and Eq. (5.13), we plot our numerical results, which are valid (and
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accurate) for all values of a/M . Somewhat unexpectedly, the analytic approximations

are still accurate, well outside their regime of validity. Thus, even though the solution

of Detweiler is supposed to be valid only in the slowly rotating case, we see that the

numerical and the Detweiler curves overlap in almost all the range for a/M . In the inset

it is possible to see that the numerical result tends to the Hod curve close to extremality,

as expected. In Fig. 5.4 a similar comparison is made for n = 0 and m = l = 3, 4.
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Figure 5.3: Comparison between our numerical solution for the clouds with n = 0, m, l = 1

and the analytical results by Hod [94], cf. Eq. (5.11), and Detweiler [95], cf. Eq. (5.13),

in a mass vs. angular momentum parameter diagram for Kerr black holes.

5.3 Kerr-Newman black hole

In the Kerr-Newman case both the background and the test field have one more parameter.

So, to exhibit the existence lines in a useful way, one must fix some quantities. In Fig. 5.5

we fix the background charge µQ = 0.1 and draw the existence lines for the cloud with

l = m = 1 and n = 0 for various values of the field charge q. The overall trend is that

clouds with the same (opposite) charge sign as the background occur for smaller (larger)

angular velocities. This is an intuitive behavior. For instance, same charge sign implies

Coulomb repulsion and hence require a smaller angular velocity from the background to
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Figure 5.4: Analogous comparison to that in Fig. 5.3 but now for the clouds with n = 0,

m = l = 3, 4. The agreement between the analytic and numerical approximations seems

to become slightly worse, outside their regime of validity, when the quantum numbers

m = l increase.

maintain the equilibrium.

Another distinct feature of the charged existence lines, already seen in Fig. 5.5 but

more clearly exhibited in Figs. 5.6 and 5.7 is that the existence lines do not reach M = 0,

since the inclusion of background charge implies in a minimum value for the background

mass, i.e. |Q| < M . Moreover, Fig. 5.6 confirms the trend that increasing the Coulomb

repulsion between the field and the background implies that for the same background

mass the clouds exist for lower background angular velocity.

Finally, fixing both the background and field charge, the variation of the existence lines

when the field’s angular momentum quantum numbers are increased is qualitatively sim-

ilar to that seen in the Kerr case, namely the lines move towards lower angular velocities,

as it can be seen in Fig. 5.7. This may be interpreted as a trade off between the angular

momentum of the background and that of the cloud, as to maintain equilibrium. Another

interesting feature in Fig. 5.7 is that, as the minimum background mass is approached, the

angular velocity of the background tends to zero. Observe that the minimum background

mass is precisely equal to the charge µQ = µM = 0.1, and that the field mass and charge
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Figure 5.5: Existence lines for charged scalar bound states in the Kerr-Newman back-

ground, for n = 0 and l = m = 1, for different values of the field charge and fixed

background charge µQ = 0.1.
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Figure 5.6: Existence lines for charged scalar bound states in the Kerr-Newman back-

ground, for n = 0 and l = m = 1, for different values of the background charge and fixed

field charge q/µ = 1.

are also the same q/µ = 1. Thus, the limiting equilibrium configuration is a marginal
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(charged) cloud of the type discussed in Refs. [96,97].
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Figure 5.7: Existence lines for charged scalar bound states in the Kerr-Newman back-

ground, for µQ = 0.1, q/µ = 1, n = 0 and m = l = 1, 2 and 3.

As for the Kerr case, we can compare our numerical results for the Kerr-Newman case

with an analytic formula. The latter was obtained from the results of Furuhashi and

Nambu [98]. First we note that these authors have shown that in order to have bound

states we must have

Mµ & Qq . (5.14)

Then they obtained an expression for the real part of the frequency for Mµ � 1 and

Qq � 1 (cf. Eq. (26) of Ref. [98]). From that expression, we find the analytic formula

µ = R

[
2qQ

3M
+

(1− i
√

3)(6p2 + q2Q2)M2

22/33M2A
+

(1 + i
√

3A)

21/36M2

]
, (5.15)

where

A = {−36p2M3qQ+ 2M3q3Q3 + 54g2M4ωc

+ [4(−6p2M2 −M2q2Q2)3

+ 4M6(−18p2qQ+ q3Q3 + 27p2Mωc)
2]1/2}1/3. (5.16)
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Figure 5.8: Comparison between our numerical solutions and the analytical formula by

Furuhashi and Nambu [98], cf. Eq. (5.15), for clouds with n = 0, m = l = 1 and qrH = 0.1.

The numerical and analytical formulas coincide with very good accuracy.

In Fig. 5.8 we compare this analytic formula with our numerical results and, again,

conclude that the analytic formula works remarkably well. Observe that in the Kerr-

Newman case the existence lines cannot extend in the whole range of a, since they are

constrained by the conditions (5.14) and a2 +Q2 < M2.

5.4 Clouds tomography

5.4.1 Angular functions

The angular dependence is given by the spheroidal harmonics, Slm(θ). These harmonics

depend on the background angular momentum parameter a. Slme
imφ reduces to the

standard spherical harmonics Ylm when a = 0, up to a (l,m)-dependent normalization

factor. Since one is typically less familiar with these spheroidal harmonics (than with the

spherical harmonics) we will illustrate their angular distribution.

In Fig. 5.9 we give a 3-dimensional plot of some spheroidal harmonics for µrH =

0.5. As we increase the value of l = m, Slm becomes more flattened, as for spherical
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harmonics. For the cases plotted, the difference between spherical and spheroidal cases

is essentially only an overall scale factor, i.e. the angular distribution is very similar.

Obviously the angular dependence is independent of considering the Kerr or the Kerr-

Newman background.

In Fig. 5.10 we display a density plot of the absolute value of the spheroidal harmonics

over a sphere of unitary radius. The function is normalized, such that it varies between

zero and one.

Figure 5.9: 3-dimensional plots of the spheroidal harmonics |Slm(θ)|. All three panels were

obtained for µrH = 0.5. These correspond, from left to right to µa = 0.399, µa = 0.133

and µa = 0.430.

0

1

Figure 5.10: Density plots of the spheroidal harmonics |Slm(θ)| over a sphere of unitary

radius. Note that the plot is normalized. All three panels were obtained for µrH = 0.5.

These correspond, from left to right to µa = 0.399, µa = 0.133 and µa = 0.430.
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5.4.2 Radial functions

The radial dependence of the clouds is quite simple and is illustrated in Figs. 5.11 (for

Kerr) and 5.12 (for Kerr-Newman), for some values of the rotation parameter, for two

values of l = m and for three different numbers of nodes n. The scalar field is always

finite on and outside the horizon. On the horizon it needs not be zero. For instance, for

l = m = 1 clouds it is non-zero on the horizon, cf. Figs. 5.11 and 5.12. Then, the radial

function will have n nodes and decrease exponentially asymptotically.
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Figure 5.11: Radial solutions R11 (left), R22 (right) for clouds with n = 0, 1, 2 in the Kerr

background with µrH = 0.5. The corresponding values of a are given in the figure key.
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Figure 5.12: Radial solutions R11 (left), R22 (right) for clouds with q/µ = 1 and n = 0, 1, 2

in the background of Kerr-Newman with µrH = 0.5, Qµ = 0.1. The corresponding values

of a are given in the figure key.

Given the radial profiles, one may ask how close to the horizon the clouds are concen-
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trated. In order to gain some insight into this question, we have plotted in Fig. 5.13 the

“position” of the cloud with l = m = 1, 2, 3, 4, 5, 10 and n = 0. By “position” we mean

the value or r, denoted rMAX , for which the function 4πr2|Rlm|2 attains its maximum

value, cf. Ref. [58]. We can see that as a/M decreases, rMAX/M increases, diverging as

a → 0. This behavior is consistent with the fact that Schwarzschild black holes do not

support clouds. As extremality is approached, a→M , on the other hand, we recover the

result by Hod [e.g, for l = m = 1, rMAX(a/M = 1) = 9.557M = 9.557rH ]. It is curious

to note that our results for small l = m are in agreement with the ‘no-short hair’ conjec-

ture [99], which states that the ‘hair’ should extend beyond 3rH/2 (which coincides with

the position of the circular null geodesic (CNG) for the Schwarzschild case). But for large

l = m, the maximum, rMAX , approaches the Kerr horizon, as a→M , in agreement with

the behavior of the co-rotating CNG [100], which is also plotted in Fig. 5.13. The fact

that for large l = m, the cloud’s “position” can approach arbitrarily close to the horizon

was first noted by Hod using the eikonal approximation [101]. These observations support

the idea that a more universal measure of the minimal hair extension, valid beyond static

black holes, is given by the size of the CNG [102].
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Figure 5.13: “Position” of the clouds, rMAX/M (see definition in the text), as a function

of a/M for a cloud with n = 0, l = m = 1 in the Kerr background.

Finally, in order to have an overview of the full spatial distribution of the clouds
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and of their energy density, we exhibit in Fig. 5.14 a three dimensional plot of both

the scalar field distribution (left panel) and the energy density (right panel), for a cloud

with n = 0, l = m = 1. The particular cloud plotted occurs for background values

rH/M = 1.46 and a/M = 0.89. For the plot we have normalized the scalar field mode

such that |Ψ11(r = rH , θ = π/2)| = 1. The plot takes the Boyer-Lindquist coordinates

(r, θ), as standard spherical coordinates and uses the “polar” coordinates z = r cos θ and

ρ = r sin θ. Observe that both the scalar field and the energy density are localized in a

toroidal region, well beyond rH . This is expected by virtue of the angular distribution

of the corresponding spheroidal harmonic, shown in Figs. 5.9 and 5.10. Note that the

scalar field vanishes on the z-axis. Also, the white space around the origin corresponds

to the event horizon (a semi-circle, more clearly seen on the left panel), where the scalar

field is non-zero. The energy density plotted is the time-time component of T α
β , where

the scalar field energy-momentum tensor is:

Tαβ = 2Φ∗,(αΦ,β) − gαβ[Φ∗,γΦ
,γ + µ2Φ∗Φ] . (5.17)

Figure 5.14: Three dimensional spatial distribution of a cloud (left panel) with n = 0

and m = l = 1 and its energy density (right panel) in terms of “polar” coordinates (ρ, z).

Both are essentially supported along an equatorial torus, due to the angular distribution

of the corresponding spheroidal harmonic.
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5.5 Discussion

In the Kerr case, the dependence of the existence lines with the quantum numbers (n, l,m)

can be summarized as follows. In a black hole mass (M) vs. black hole horizon angular

velocity (ΩH) diagram:

• Nodeless lines (n = 0) with m = l are approximately vertical lines and occur for

decreasing values of ΩH as the angular quantum numbers l = m increase. Lines

with different values of l = m are disconnected. This is in agreement with the naive

expectation that the collapse of the cloud is prevented by (stationary) rotation

effects and that decreasing the rotation of the black hole one must increase the

rotation of the cloud and vice-versa. This overall trend had already been observed

in Ref. [59].

• Fixing m = l and increasing the number of nodes n, i.e. moving to more excited

configurations, the existence line moves to slightly higher values of ΩH . All these

lines are connected: they converge when the black hole mass tends to zero. Again,

a naive interpretation is that clouds with nodes are excited states, hence more ener-

getic and thus require a larger background rotation for equilibrium. Their “weight”

however, becomes irrelevant as the background mass vanishes, which agrees with

the convergence of these existence lines in the M → 0 limit.

• Fixing m and n and increasing l, again the existence line moves to slightly higher

values of ΩH , and again all these lines are connected as the black hole mass tends

to zero. This overall trend was also briefly mentioned in Ref. [59].

Adding charge to both the background and the field introduces two qualitatively new

effects in the same type of diagram as before:

• When the background charge and the field charge have the same (opposite) sign, the

existence line for a given set of quantum numbers moves to lower (higher) values of

ΩH , for fixed M . Again, this is in agreement with the naive expectation that there

is now Coulomb repulsion (attraction) between the background black hole and the

cloud that needs to be balanced by smaller (higher) background rotation.
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• The existence lines stop being essentially vertical. The reason is that they cannot

approach the M → 0 limit, since there is a minimal black hole mass for a given black

hole charge Q which still allows the existence of an event horizon. In the Qq > 0

case, fixing the field charge equal to the field mass, one observes that as the minimal

mass is approached, then ΩH → 0 and M → Q. The configuration approached is a

marginal charged cloud, in the nomenclature of Ref. [97].

We have also described the spatial distribution of the clouds. A full picture is obtained

by describing the angular and radial dependence separately. We have given examples of

both spheroidal harmonics and of radial functions. An interesting property of the latter

is that an appropriately defined radial “position” for the clouds increases as the rotation

of the background decreases. Thus, the smaller radial position is obtained for extremal

black holes and it is in agreement with a generalization of the ‘no-short hair’ conjecture

suggested by Hod [102].

As already observed, cloud solutions can be taken as a smoking gun for the existence of

Kerr-(Newman) black holes with scalar hair, as fully non-linear solutions of the Einstein-

Klein-Gordon(-Maxwell) system [59]. But that does not imply that all hairy black holes

are revealed by such a test field analysis. A remarkable example concerns Myers-Perry

black holes, which can support a scalar hair which relies on non-linear effects [103].

The analysis in this work was restricted to the simple case of scalar fields on Kerr(-

Newman) black holes, for which the wave equation separates. Similar results are expected

to hold as well for other rotating black hole backgrounds afflicted by superradiant insta-

bilities, as well as other fields that may trigger such instabilities. In all such cases scalar

(or other spin fields) clouds should occur at the threshold of the superradiant instability.

One particularly interesting case that we expect is the existence of Proca clouds around

Kerr black holes (see [97] for the study of Proca quasi-bound states around Schwarzschild

black holes).

We would also like to comment on the stability of the clouds discussed in this work.

Since they only exist along lines in the Kerr 2-dimensional parameter space, one may

expect that the clouds are unstable solutions. An argument that they are actually dy-

namical attractors is the following. First observe that ω/m defines an angular velocity for
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the cloud. The bound state condition ω = ωc = mΩH , can then be interpreted as the an-

gular velocity of the cloud being synchronous with that of the black hole horizon. Now let

us fix a Kerr background with a given horizon angular velocity ΩH and consider a quasi-

bound state with a frequency R(ω) slightly smaller (larger) than ωc. The quasi-bound

state will be in the superradiant (decaying) regime. Thus it will be amplified (absorbed)

by the black hole. Following the evolution of the background black hole in a quasi-static

approximation, the black hole loses (gains) mass and angular momentum and its angular

velocity decreases (increases). The process only stops when the horizon angular velocity

of the evolving black hole approaches ΩH → R(ω)/m, at which point the imaginary part

of the quasi-bound state frequency approaches zero. Thus it seems plausible that clouds

are dynamical equilibrium configurations; in other words, that dynamics wants to lock

quasi-bound states in synchronous rotation with the black hole. This argument is remi-

niscent of the synchronization of orbital and rotation periods of astronomical bodies (like

the Moon-Earth system) due to tidal effects and friction. This analogy supports the idea

of a connection between tidal acceleration and superradiant scattering around spinning

black holes [104].

Finally, a more involved picture is found when turning on a suitable self-interaction

potential of the scalar field. Then the (non-linear) Klein-Gordon equation possesses bound

state solutions already in a flat spacetime background – the Q-balls [105, 106]. Remark-

ably, spinning Q-balls survive when replacing the Minkowski background with a Kerr

metric, provided the relation (5.8) connecting the scalar field frequency and the black

hole event horizon velocity is satisfied (note that the variables do not separate in this

case). The resulting solutions exhibit a more complicated pattern than the clouds pre-

sented herein, covering a compact region of the 2-dimensional parameter space of the Kerr

black holes, rather than existence lines [107].



Chapter 6

Clouds in acoustic analogues

Under certain conditions sound waves in fluids experience an acoustic horizon with ana-

logue properties to those of a black hole event horizon. In particular, a draining bathtub-

like model can give rise to a rotating acoustic horizon and hence a rotating black hole

(acoustic) analogue. We show that sound waves, when enclosed in a cylindrical cavity, can

form stationary waves around such rotating acoustic holes. These acoustic perturbations

display similar properties to the scalar clouds that have been studied around Kerr and

Kerr-Newman black holes; thus they are dubbed acoustic clouds. We make the comparison

between scalar clouds around Kerr black holes and acoustic clouds around the draining

bathtub explicit by studying also the properties of scalar clouds around Kerr black holes

enclosed in a cavity. Acoustic clouds suggest the possibility of testing, experimentally,

the existence and properties of black hole clouds, using analog models.

6.1 Massless scalar field in the Kerr background

To solve the Klein-Gordon equation for a massless scalar field, �Φ = 0, on the Kerr

background, we make a harmonic/Fourier decomposition of the scalar field, which is

considered to be a sum of modes of the type Φlm = ei(mφ−ωt)Slm(θ)Rlm(r) and use the line

element given by (1.15). For this case we find the radial equation

∆
d

dr

(
∆
dRlm

dr

)
+
[
H2 + (2maω −Klm)∆

]
Rlm = 0 (6.1)
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where H ≡ (r2 + a2)ω − am and Klm are separation constants which come from the

spheroidal harmonics.

In the limit r → rH we require a purely ingoing wave, while in the asymptotic case we

have an outgoing wave:

Rlm(r) ≈

 e−i(ω−ωc)r∗ , for r → rH ,

eiωr∗ , for r →∞ .
(6.2)

With the solutions given by (6.2) no stationary configurations exist. To have such solutions

we shall impose, besides ω = ωc, a different boundary condition, as we shall describe in

Section 6.3.

6.2 Massless scalar field in the draining bathtub back-

ground

In order to find the solution of the massless Klein-Gordon equation in the draining bathtub

effective geometry given by Eq. (1.42) we again consider a Fourier/mode decomposition.

The modes have the form

Φm(r, φ, t) = ei(mφ−ωt)ψm(r), (6.3)

where ψm(r) obeys

1

r

(
1− A2

r2

)
d

dr

[
r

(
1− A2

r2

)
dψm
dr

]
+

[
ω2 − 2Bmω

r2
− m2

r2

(
1− A2 +B2

r2

)]
ψm = 0.

(6.4)

We can rewrite Eq. (6.4) as

d2

dr2
∗
ζm +

[(
ω − Bm

r2

)2

− Vm(r)

]
ζm = 0 , (6.5)

with

Vm(r) =

(
1− A2

r2

)[
m2 − 1/4

r2
+

5A2

4r2

]
, (6.6)

where ζm =
√
rψm and the Regge-Wheeler coordinate can be defined by

d

dr∗
=

(
1− A2

r2

)
d

dr
. (6.7)
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We find that the solutions at the horizon and at infinity behave similarly as before

ψωm(r) ≈

 e−i(ω−ωc)r∗ , for r → rH ,

eiωr∗ , for r →∞ ,
(6.8)

with

ωc = mB/A2 = mΩH . (6.9)

6.3 Cloud configurations of a massless scalar field

case

To find clouds, i.e. bound-state like solutions, we enclose the massless scalar field in a

cavity whose boundary is located at

r = r0 . (6.10)

We impose two different boundary conditions to our problem: The first is of Dirichlet

type, such that the scalar field vanishes at the cavity’s boundary, Rlm(r0) = 0. The

second is a Neumann boundary condition, such that the derivative of the field vanishes

at the cavity’s boundary, dRlm(r0)/dr = 01.

6.3.1 Kerr black hole in a cavity

To obtain the radial function, we shall integrate Eq. (6.1) numerically. For that purpose,

we consider the expansion (5.9) for the separation constants Klm, with µ = 0.

In Fig. 6.1 we display the mirror location r0 in terms of the horizon angular velocity

ΩH , both scaled to the horizon radius, varying the cloud quantum numbers m, l and n,

for both Dirichlet boundary conditions (left panels) and Neumann boundary conditions

(right panels). The first observation is that, generically, r0/rH → ∞, ΩH → 0. This

illustrates the fact that there are no massless clouds for Schwarzschild black holes in a

1These boundary conditions are associated to a cylindrical mirror with low (Dirichlet) and high (Neu-

mann) acoustic impedance [108, 109], the latter being perhaps more easily implemented experimentally,

since it corresponds to a rigid cylinder.



6.3. CLOUD CONFIGURATIONS OF A MASSLESS SCALAR FIELD
CASE 90

cavity. Indeed this is expected from the known results of the massive case: there are no

(massive) scalar clouds for the Schwarzschild black hole, even though it is possible to have

arbitrarily long-lived quasi-bound states [110]. The second generic observation is that, as

we approach the mirror to the black hole horizon we need to increase ΩH in order to have

clouds. Conversely, and taking precisely the extremal case (ΩHrH = 0.5), we observe that

increasing the value of m = l the position of the mirror tends to the horizon. We shall

come back to this point later.

The dependence on the cloud’s quantum numbers observed in Fig. 6.1 can be summa-

rized as follows. Increasing l = m, implies that, for fixed mirror position r0/rH , clouds

exist for smaller horizon angular velocity ΩHrH . This trend is analogous to the one ob-

served for massive scalar clouds (without mirror) in Ref. [67]. They can be heuristically

interpreted in terms of a mechanical equilibrium between the black hole-cloud gravita-

tional attraction and angular momentum driven repulsion due to the black hole-cloud

energy currents, cf. Ref. [67]. Another feature we can see is that when we increase either

n or l, for fixed r0/rH , the corresponding cloud occurs for bigger values of ΩHrH . This is

due to the fact that clouds with bigger n or l represent clouds with greater energy.

Finally concerning the differences between Dirichlet and Neumann boundary condi-

tions, Fig. 6.1 shows that both cases present the same qualitative behavior, but that for

the same angular velocity ΩH , clouds with Neumann boundary conditions occur for a

smaller r0. This is quite natural, as one can always obtain a Neumann cloud from a

Dirichlet cloud by decreasing the size of the cavity to where it stands at the point where

the radial derivative of the radial function vanishes, which occurs inside the cavity with

the Newman boundary condition.

Fig. 6.2 illustrates the radial profile of the massless scalar clouds for Dirichlet (left

panel) and Neumann (right panels) boundary conditions for l = m = 1. For both cases

we choose r0 = 20rH and show three distinct solutions corresponding to different numbers

of nodes n = 0, 1 and 2. The radial profile has the typical form of standing waves with

fixed boundary conditions.

Let us comment that we have verified qualitatively that similar clouds exist not only

for massive but also for self-interacting scalar fields around Kerr black holes in cavity,
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Figure 6.1: Massless scalar clouds around Kerr black holes surrounded by a mirror at

r = r0 with a Dirichlet (left panels) or a Neumann (right panels) boundary condition for

different ‘quantum numbers’, as specified in the keys.

generalizing the ones studied in Ref. [107] for asymptotically flat spacetimes.

Fig. 6.3 shows the position of the clouds rMAX compared with the radial value of the

CNG for co-rotating orbits on the equatorial plane of the Kerr background. We see that

as we increase the values of l = m the cloud approaches the value of the CNG in the limit
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Figure 6.2: Radial solutions R11 with r0/rH = 20 for Dirichlet (left panels) and Neumann

(right panels) boundary conditions.

a/rH → 1. Recall that, as observed earlier, when a/rH → 1, r0 also tends to the horizon.

Thus, the position of these massless clouds can be arbitrarily close to the black hole, in

agreement with the results for the massive case.
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Figure 6.3: Position of the clouds for the Kerr case, for different values of l = m compared

with the CNG for Dirichlet (left panel) and Neumann (right panel) boundary conditions.
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6.3.2 Draining bathtub

To find the acoustic clouds we integrate Eq. (6.4), considering ω = ωc and imposing

mirror-like conditions. In the present case the clouds will be labelled by only two ‘quantum

numbers’: the azimuthal harmonic index m and the node number n.

In Fig. 6.4 we compare clouds with different quantum numbers for Dirichlet and

Neumann boundary conditions. The observed behavior is completely analogous to that

seen for the Kerr case discussed in the previous subsection: (i) as r0/rH → ∞, ΩH → 0;

(ii) as we approach the mirror to the acoustic hole, ΩH increases; (iii) as m decreases,

the angular velocity ΩHrH increases for fixed mirror position r0/rH ; (iv) as n increases,

the angular velocity ΩHrH increases for fixed mirror position r0/rH ; (v) for the Neumann

boundary condition the existence lines occur for smaller values of ΩH , for the same r0

chosen for Dirichlet boundary conditions.
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Figure 6.4: Massless scalar clouds for the draining bathtub for Dirichlet (left panel) and

Neumann (right panel) boundary conditions, for different quantum numbers.
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In Figs. 6.5, 6.6, 6.7 and 6.8 we make some 3-dimensional plots of the spatial distri-

bution of acoustic clouds for Dirichlet and Neumann boundary conditions.

Figure 6.5: Acoustic clouds on the r, φ plane for Dirichlet (top) and Neumann (bottom)

boundary conditions with m = 1 and n = 0. We plot the |Φm| on the left panels and the

real part of Φm on the right panels. We fix the mirror position in r0/rH = 20, and the

circulation is B/rH = 0.19, for the Dirichlet case, and B/rH ' 0.09, for the Neumann

case.

One may wonder if an analytic solution may be found for Eq. (6.4). Studies of the

draining bathtub model have actually concluded that the radial function in this case can

be expressed in terms of Heun functions (see e.g. [111]). It seems, however, that not

much use can be made of these functions to find the relevant information to obtain the

acoustic clouds. For the acoustic hole, there is no theoretical restriction that prevents

taking B > A; in other words, there is no extremal case for this analogue model, for
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Figure 6.6: Spatial distribution of nodeless acoustic clouds with Dirichlet (top) and Neu-

mann (bottom) boundary condition and m = 2, on the r, φ plane. On the left panel we

present |Φm|, while on the right panel we show the real part of Φm, for a fixed t. In

all plots the outer edge is the cylindrical mirror and the inner boundary is the draining

bathtub horizon. We have fixed r0/rH = 20 and the cloud supporting background has

B/rH ' 0.13, for the Dirichlet case, and B/rH ' 0.08, for the Neumann case.

which there could be some extra simplification for the radial equation, as it happens for

the clouds around extremal Kerr black holes [58].
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Figure 6.7: Same as in Fig. 6.5, but for nodeful acoustic clouds with n = 1 and m = 1,

on the r, φ plane. Again, we have fixed r0/rH = 20 and the cloud supporting background

has B/rH ' 0.35, for the Dirichlet case, and B/rH ' 0.27, for the Neumann case.
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Figure 6.8: Same as in Fig. 6.5 but with n = 2 and m = 3. The position of the mirror is

r0/rH = 20, and the circulation is B/rH = 0.22, for the Dirichlet case, and B/rH = 0.19,

for the Neumann case.



Chapter 7

Stationary scalar clouds in a static

fluid

Systems with superradiant instability present the possibility of finding bound states, i.e.,

clouds. In this chapter we investigate clouds in a system formed by a static fluid placed

between two concentric cylinders, with the inner cylinder rotating with constant angular

momentum. The resulting equations can be used to describe both sound and gravity

waves.

7.1 Sound waves in a static profile

Assuming cylindrical symmetry, the Klein-Gordon equation can be reduced to an ordinary

differential equation for the radial coordinate r. Indeed, with the ansatz

ψ(t, r, ϑ, z) =
ϕ(r)√
r
e−iωt+imθ, (7.1)

with ϕ(r) obeying

∂2
rϕ+

[
ω2

c2
s

− 1

r2

(
m2 − 1

4

)]
ϕ = 0, (7.2)

where ω > 0 is the frequency of the wave and m ∈ Z is the azimuthal wave number. The

most general solution of Eq. (7.2) is given in terms of Bessel functions, namely

ϕ(r) = D1

√
rJm

(
ωr

cs

)
+D2

√
rYm

(
ωr

cs

)
, (7.3)
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where D1 and D2 are constants. We note that the equations above, specially the wave

equation, have analogous version which hold if surface (gravity) waves are considered

instead of sound waves.

7.2 Boundary conditions

Typically, the presence of stationary scalar clouds is intimately linked to the phenomenon

of superradiance, requiring rotational energy to occur. The simplest way to accomplish

this is to consider the non-trivial metric produced by a rotating fluid. However, since our

fluid is static, this requirement has to be fulfilled in some other way.

Here, we consider a rotating cylinder, of radius R0, placed inside the fluid. A larger

cylindrical surface, of radius R1 and concentric with respect to the first cylinder, encloses

the system. The inner cylinder rotates with a constant angular velocity Ω. This system

was first considered in Ref. [112].

We assume further that the cylinders can exchange energy and momentum with in-

cident waves. This interaction between the cylinder and the waves is characterized by

a complex number, called the impedance Zω of the cylinder, that relates the pressure

change to the radial velocity perturbation on the cylinder [113]. The real part of the

impedance is called resistance and relates to the energy flow. We assume Re(Zω) > 0,

corresponding to a surface which absorbs energy. The imaginary part, on the other hand,

is called reactance and is related to the natural oscillation frequency of the surface.

In terms of the impedance, the boundary condition for both sound and surface waves

in the rest frame of the inner cylinder is(
∂rψ

ψ

)∣∣∣∣
r=R0

= −iρ0ω

Zω
. (7.4)

When the cylinder rotates uniformly with angular velocity Ω, we may transform to a new

angular coordinate φ̃ = φ + Ωt, which effectively amounts to the replacement of ω with

ω̃ = ω −mΩ in (7.4). In terms of the radial field ϕ, we have

∂rϕ|r=R0
=

(
1

2R0

− iρ0
ω̃

Zω̃

)
ϕ|r=R0

. (7.5)
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Figure 7.1: Existence lines for different values of n (left plot) and m (right plot). For

both cases we consider |Zout| =∞.

For the external cylinder, the boundary condition is given by(
∂rψ

ψ

)∣∣∣∣
r=R1

= +
iρ0ω

Zout
ω

, (7.6)

which can be written as

∂rϕ|r=R1
=

(
1

2R1

+ iρ0
ω

Zout
ω

)
ϕ|r=R1

, (7.7)

7.3 Stationary clouds

Combining Eq. (7.3) with the boundary equations, given by Eqs. (7.5) and (7.7), we find

i(σ − 1)Jm + σZJ ′m
i(σ − 1)Ym + σZY ′m

=
iĴm − ZoutĴ ′m

iŶm − ZoutŶ ′m
, (7.8)

where Ji = Ji(mασ), Yi = Yi(mασ), Ĵi = Ji(mασR1/R0), Ŷi = Yi(mασR1/R0), σ =

ω/mΩ, α = ΩR0/cs, Z = Zω̃/(ρ0cs), Z
out = Zout

ω /(ρ0cs).

In order to find the clouds solutions we fix σ = 1, i.e. ω = ωc = mΩ, what gives us

J ′m
Y ′m

=
iĴm − ZoutĴ ′m

iŶm − ZoutŶ ′m
. (7.9)

We note that Eq. (7.9) does not depend on the impedance of the inner cylinder, such

that we only have to choose Zout. We solve Eq. (7.9) using a shooting method, choosing

different values for Zout.
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Figure 7.2: Radial solution for R1/R0 = 15 and |Zout| =∞. Each value of α corresponds

to a different node number.

The first case we consider is the case for |Zout| = ∞. In Fig. 7.1 we see that these

clouds exist in a one dimensional line in the two dimensional phase space formed by α and

R1/R0. As we increase the value of n, for a fixed α, the corresponding cloud occurs for

a bigger value of R1/R0. This happens because as we increase n we go to more energetic

solutions. On the other hand, as we increase m, for a fixed α, the corresponding cloud

happens for a smaller value of R1/R0. This is due to an equilibrium between the angular

momentum of the cloud and of the internal cylinder. We also observe that as R1/R0 →∞,

α→ 0. This happens because we do not have clouds when the internal cylinder is static,

such that the existence lines do not cross the abscissa axis.

In Fig. 7.2 we exhibit the radial solutions given by Eq. (7.2), for |Zout| =∞, m = 1,

R1/R0 = 15, and different values of α, what corresponds to various node numbers. Here we

can see that choosing |Zout| =∞ is equivalent to setting a Neumann boundary condition.

Fig. 7.3 presents the existence lines for Zout = −0.01i. For this case we obtain the

same general behaviour as the one described for Fig. 7.1, with the difference that for the

same R1/R0, clouds happen for bigger values of α.

In Fig. 7.4 we present the radial solution for different number of nodes with Zout =

−0.01i. For this case, we see that this choice of impedance is equivalent to setting a

Dirichlet boundary condition.

For Fig. 7.5 we have fixed Zout = −i. We have the same general behavior as the one
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Figure 7.3: Existence lines for different values of n (left) and of m (right). For these cases

we have chosen Zout = −0.01i.
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Figure 7.4: Radial solution with different number of nodes for R1/R0 = 15 and Zout =

−0.01i.
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Figure 7.5: Existence lines for Zout = −i with different n (left) and m (right).
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Figure 7.6: Radial solution with different number of nodes for R1/R0 = 15 and Zout = −i.
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Figure 7.7: Existence lines for Zout = i with different n (left) and m (right).

present in Figs. 7.2 and 7.4, but now for a fixed R1/R0 the clouds happens for intermediate

values of α. We can also observe this feature in Fig. 7.6, since we are choosing a boundary

condition that is a combination of a Neumann and a Dirichlet boundary condition.

The last case we consider is for Zout = i, as shown in Fig. 7.7. For this case, the

existence line for n = 0 presents a maximum. We also note that, as we increase the value

of m, the value of the maximum increases.
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Figure 7.8: Radial solution with different number of nodes for R1/R0 = 15 and Zout = i.



Conclusion

In this thesis we considered scalar fields around black holes and analogues, focusing on

the absorption cross sections and bound states. We considered the propagation of scalar

fields around black holes, computing the absorption cross section for the full range of

frequencies. For the high-frequency limit we considered the eikonal approximation, using

the equations of motion for particles to compute the absorption cross section in this limit.

We first considered a massive scalar field impinging upon a charged black hole, finding

that, as we increase the black hole charge the absorption cross section decreases, what is

compatible with the decrease of the black hole area and critical impact parameter. For

the low-frequency regime we find two different limits for the absorption cross section,

depending on the velocity of the field. We have shown that for ultralight particles both

limits can be relevant.

Next, we considered a massive and charged scalar field around a charged black hole.

We have seen that, as we increase qQ, the absorption cross section gets smaller. This

happens because in this case we have an electromagnetic repulsion competing with the

gravitational interaction. For this case we can have superradiance and both the partial

and total absorption cross section can be negative, what means that planar waves can be

superradiantly scattered.

We also considered the case of a massive scalar field around a charged rotating black

hole, for various incidence angles. For on-axis incidence the absorption cross section

presents a regular behaviour and decreases as we increase either the angular momentum

or the charge of the black hole. For off-axis incidence the absorption cross section becomes

less regular, such that is better to consider the corrotating and counterrotating modes
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separately. For this case we also have superradiance, although, due to the sum in m the

total absorption cross section is always positive.

Concerning the bound state solutions, we found scalar clouds by solving the Klein-

Gordon equation for a massive and charged scalar field in a Kerr-Newman background.

We found that these clouds exist only for certain values of the parameters of the black

hole and of the scalar field, what gives us existence lines in the parameter space. Each

existence line is characterized by quantum numbers n, l and m, which are analogue to the

quantum numbers of the Hydrogen atom.

We compared our numerical results for the existence lines with some analytic ap-

proximations found in the literature, which in principle are valid for either small or high

rotation. Somewhat surprisingly, in the cases studied here, these approximations yield a

fairly accurate estimate even far away from their a priori validity region.

Such clouds around black holes indicate that we can have hairy solutions for the

corresponding geometries, if we consider higher order effects of the scalar field. However,

this is not the only way to obtain hairy black holes. For instance, we can have the

formation of hair due to nonlinear effects.

Clouds are possible at the threshold of superradiant instabilities, therefore we should

be able to find these bound states for other unstable spacetimes. For instance, we can

consider clouds in geometries which are not asymptotically flat, such as Kerr-de Sitter

and Kerr-anti-de Sitter.

We also considered acoustic clouds for sound waves in a draining bathtub. In this case,

the clouds are characterized by two quantum numbers: n and m. We also considered a

massless scalar field in a Kerr background inside a cavity, in order to make comparisons

with the acoustic analogue case.

Analogue models can make more clear the distinction between phenomena that are

due to the kinematics or the dynamics of the system. We have seen that we can also

find bound states for the draining bathtub, even though they have a completely different

dynamics from black holes. But it is not clear what we would obtain by considering the

backscattering of these clouds in the geometry.

The results obtained for the draining bathtub point to a new possibility of research for
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analogue models, namely the experimental investigation of acoustic clouds, even though

analogue systems can be difficult to implement and control in the laboratory.

The last case we considered was composed of a static fluid placed between two concen-

tric cylinders, where the inner cylinder is rotating with constant angular momentum. The

angular momentum spreads in the fluid, but, provided that we consider a small enough

time scale, we can regard the fluid as being static. This provides a very simple model were

we can find superradiance, and thus, clouds. This model can be used for sound waves, as

well as for surface waves.

We have found configurations very similar to the ones found in the draining bathtub,

when we considered the imaginary part of the impedance of the external cylinder to be

negative. But, when it is positive, we have found that the existence lines for n = 0 only

occur for small enough values of the angular momentum of the inner cylinder.
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