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Quantum field theory in curved space has been very successful
Even though it only provides a limited description of quantum phenomena in the 
presence of gravity, it has produced remarkable results

Particle production in expanding universe
Hawking radiation
Unruh effect
Casimir effect
...

Phenomenological applications to nuclear physics 
and condensed matter are being developed

QFT in curved space
Thermodynamics Quantum Field Theory

Gravity

⤵
  All manifestations of 
     a deep connection



• Phenomenological applications of QFT in curved space 
are generically difficult in the sense that gravity is weak

• So unless the curvature scale is large effects of curved 
space will be negligible

• In QCD, for instance, gravitational effects are usually 
negligible as compared to the typical scale QCD𝛬

“Testing” Quantum field theory in curved space
In the “lab”



• Black holes offer a set-up where curvature effects may 
become comparable to

• In the vicinity of a black hole, the Standard Model will 
still be valid under non-negligible gravitational 
corrections 

• In QCD we have additional complications in relation to 
the complex vacuum structure of the theory 

“Testing” Quantum field theory in curved space

QCD𝛬

In the “Universe”

Black holes as lab for high energy physics



In order to accommodate non-perturbative phenomena (eg, 
dynamical mass generation, or confinement of quarks and gluons), it 
is conceivable to think of the black hole as an extended object 
surrounded by a media of QCD matter

This set-up can be naturally associated with QCD phase transitions 
[AF, PRD R88 2103, AF & Tanaka, PRD R84 2011] 

Classically, we may think that nothing happens. However, in QCD, 
the hadron wave function in a boosted frame are different from 
those at rest

The QCD vacuum filled with quantum fluctuations should change 
drastically near a black hole

QCD & Black Holes



Other places of relevance

In relativistic heavy ion collisions QGP is created and undergoes 
through an expansion at the speed of light. In this context, 
speculative scenarios that relate particle production in QCD to the 
Hawking temperature already exist (Castorina, Kharzeev, and Satz, EPJ C52 
2007) 

Similarities can also be found in cold atomic systems, where 
Hawking radiation from black hole analogues is also a topic of 
interest

Effects of curvature on massless Dirac fermions emerge also in 
strongly correlated systems, like graphene or TI



OBSERVATION (Chiral Gap Effect):
 
Dirac fermions can have a chiral invariant mass gap due to the 
curvature



Thermodynamic Potential in Curved Space

In fermionic systems, the effective mass M    with interaction clouds 
can differ from the bare one.

In the chiral limit M   should be proportional to the scalar chiral 
condensate 

eff

eff

_
⟨𝜓𝜓⟩effM     = G 

G is coupling constant

The effective mass should solve the gap equation, i.e. should minimize 
the Grand Thermodynamic Potential 
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Thermodynamic Potential in Curved Space

Ω    [        ]Meffloop = - 𝜈  ln  Det  (i  𝜕  -­‐    / )Meffβ

β : inverse temperature
𝜈 : number of fermionic dof
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Thermodynamic Potential in Curved Space

Ω    [        ]Meffloop = - 𝜈  ln  Det  (i  𝜕  -­‐    / )Meffβ

β : inverse temperature
𝜈 : number of fermionic dof

For illustration, let me consider the case of a maximally symmetric 
spacetime and take D to be large. Then the dominant contribution 
comes from the k = 0 term
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Simple picture

The effect of the scalar curvature is to shift the effective mass

Chiral Gap in Curved Space

In the chirally symmetric phase, we have         = 0, but fermions 
are still gapped due to curvature effect
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• R is an independent quantity, while m   is not.   
(Quantum phase transition at finite curvature)

• If R is negative, then Tc should increase. If R<0 and 
large, the chiral symmetry breaking and deconfinement 
could become completely distinct

(Dis)Similarities with mT

Similar to what happens at finite T (thermal mass)

m  = (g /6) T 22 2
T

The critical temperature lowers with increasing mT

T

[Hikida & Kitazawa, PRD 75 011091 2007] 

T  = T - α R / G2*
cc

With Curvature:



Thermal excitations and quark deconfinement

Φ = tr  L  
1_
Nc

For pure YM, this can be rigorously defined as an order 
parameter that breaks center symmetry

In QCD the transition turns out to be smooth due to 
fermion interactions

The chiral phase transition controls the fermion mass, and 
the transition to the deconfined phase is more favored with 
lighter quarks after the chiral phase transition.

Intuitive description of the simultaneous crossover of 
deconfinement and chiral phase transition (as observed on 
the lattice)

At finite T the quark deconfinement can be characterized 
by the Polyakov loop

[Fukushima, PLB 591 277 2004] 



Thermal excitations and quark deconfinement

In flat space thermally excited fermions on the gluon 
background generate terms that break center symmetry

In curved space we can characterize the same physics

Similar to what we consider before (+ trace over colors )
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The potential can be evaluatd also in this more general case
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Thermal excitations and quark deconfinement
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β = -2 N  Vf ∫d p
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• In flat space         controls the explicit breaking of 
center symmetry

• As soon as non zero R is switched on, thermally excited 
fermions are suppressed not only by          by also by R

• Therefore, even in the chiral limit, if  R > T, fermion 
excitations are almost absent and center symmetry can 
be an approximate symmetry
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a special gauge called the Polyakov gauge, ϕi’s correspond
to the diagonal components of the temporal gauge poten-
tial Aτ.
As we already saw, the effective mass is shifted by R=12,

and a straightforward summation over the Matsubara
frequencies yields ΩT¼0

loop þΩT
loop with

βΩT
loop ¼ −2NfV

Z
d3p
ð2πÞ3

Trfln½1þ Le−βðεp−μÞ&

þ ln½1þ L†e−βðεpþμÞ&g; ð14Þ

where the quasiparticle energy dispersion is εp≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

eff þ R=12
p

. This is a simple expression but it
encompasses the essence of all complicated calculations as
done in Refs. [27,28]. In flat space, usually, Meff controls
the explicit breaking of center symmetry. As soon as a
nonzero R is turned on, thermally excited fermions are
suppressed by not only Meff but also R. Therefore, even in
the chiral symmetric limit, if R is larger than T, fermion
excitations are almost absent, so that center symmetry can
be an approximate symmetry.
To quantify this speculation, let us plot the (dimension-

less) magnitude of the center symmetry breaking for μ ¼ 0;
i.e., Δ≡ ðβ4=VÞðΩT

loop½Φ ¼ 1& −ΩT
loop½Φ ¼ −1&Þ. As we

see in Fig. 1, because of a small coefficient 1=12, we need
to have hundreds times as large R as T2 to realize
decoupling.
Once the decoupling happens, the gluonic sector should

behave as pure Yang-Mills theory. Thus, the quark decon-
finement transition should be of first order rather than
smooth crossover. One may think that the deconfinement is
also eased by large R, and indeed, we remark that the
infrared singularity is weakened in curved spacetime [29].

Higher-order corrections.—Higher-order corrections
from the heat kernel expansion can be easily taken into
account in our scheme. These terms involve combinations
of Riemann and Ricci curvature tensors and correct the
grand potential by δΩloop. We can utilize Eq. (5) to show
that it is related to the leading-order term as

δΩloop ¼ a2

" ∂
∂M2

eff

#
2

Ωloop: ð15Þ

It is a nontrivial finding that the correction terms take a
form of mass derivatives. Then, we notice that a mass shift
can reproduce the above result as Ωloop½M2

eff þ δM2
eff &≈

Ωloop½M2
eff & þ δΩloop½M2

eff &. We can show that the coeffi-
cient a2 is negative in general, and then the mass squared
correction turns out to be purely imaginary:

δM2
eff ¼ i

ffiffiffiffiffiffiffiffi
ja2j

p
; ð16Þ

or the self-energy has an imaginary part. Actually, one can
confirm a2 < 0 by plugging Eq. (6) into a2 in Eq. (5). The
appearance of complex energy dispersion indicates that the
vacuum is not stable. In fact, the curvature induced particle
production, as observed in Ref. [24], suggests an alteration
of the vacuum persistence. Further investigations to deepen
our understanding on the physical interpretation of these
complex corrections is necessary.
Finally, let us also point out that Eq. (15) is proportional

to the chiral susceptibility χ. Since χ is enhanced at the
chiral phase transition, there may be an interesting interplay
between the chiral dynamics and the curvature effect at
critical point.
Discussions and summary.—Our analysis indicates that

the predominant effect on fermions in curved space is the
appearance of a chiral symmetric mass-gap due to the scalar
curvature R, which we call the chiral mass-gap. We have
shown that the mass shift is systematically formulated in a
form of the resummed expansion with respect to the
Riemann and the Ricci curvature tensors. The chiral
mass-gap gives an intuitive explanation for the nature of
the chiral phase transition in curved space; chiral symmetry
tends to get restored with R > 0, while the chiral con-
densate and the chiral transition temperature becomes
larger with R < 0. Importantly, the chiral gap effect also
suggests decoupling between the chiral dynamics and the
quark deconfinement.
In principle, lattice QCD simulations can verify our

conjecture. So far, however, it is not easy to formulate the
problem numerically for a geometry that constantly curves
in space. The difficulty originates from the singularity
associated with polar coordinates that are most convenient
to describe curved geometries. In this sense, therefore, our
analysis may be useful to guide future attempts to simulate
QCD in curved space or specifically in the Schwarzchild
metric.

FIG. 1 (color online). Coupling strength between dynamical
quarks and the gluonic sector quantified through the center
symmetry breaking Δ as a function of dimensionless curvature
R=T2.
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R must be hundreds of times larger than T in order to realise decoupling
2



Near black holes:

• Once the decoupling happens, the gluon sector 
should behave as pure Yang-Mills leading to a quark 
deconfinement transition of 1st order



Main Conclusions

• The predominant effect on fermions in curved space is the 
appearance of a chirally symmetric mass gap due to the scalar 
curvature

• The problem can be consistently formulated in term of a resummed 
expansion of the propagator

• The chiral mass gap gives an intuitive explanation of the nature of the 
chiral phase transition in curved space

• Chiral symmetry tends to get restored with large R, while the chiral 
condensate and the critical temperature become larger with R <0

• Effects of curvature suggest a decoupling between the chiral dynamics 
and the deconfinement leading to a first order transition (pure YM) 
near a strongly gravitating source
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