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The Harrison transformed solutions
Black holes in magnetic universes

@ Harrison transformation applied to the Kerr-Newman solution gives
the MKN black hole
A dr?

o
= AP Y |—-=dt? + — +dv?| +

sin? ¥ (dp — wdt)?
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The Harrison transformed solutions
Black holes in magnetic universes

@ Harrison transformation applied to the Kerr-Newman solution gives
the MKN black hole
A dr?

o
= AP Y |—-=dt? + — +dv?| +

sin? ¥ (dp — wdt)?

@ Function A is constructed from Ernst potentials

o + a®Q? (14 cos?¥))
by

1
A:1+4Bz< sin219+Q2c05219>+

+ BQ [arsinzﬁ —i (r2 + 32) cos V] —

X
: M2 : 2,19_ 2
—%Bzacosﬁ [M (3—coszz9)+ 2 st @

sin? 19]

@ Complicated form of dragging potential w and of electromagnetic field

Filip Hejda (UTF MFF/CENTRA) Strong magnetic fields around black holes 19" December 2014 3/17



The Harrison transformed solutions
Black holes in magnetic universes ||

o Gibbons, G. W., Mujtaba, A. H., Pope, C. N. Ergoregions in
magnetized black hole spacetimes. Classical and Quantum Gravity,
30. 2013.

@ Problem with interpretation of the azimuthal coordinate, axis regular
if

1
@ € <0,2n [1 + 28202 +2B3MQa+ B* <1604 + I\/I2a2>]>

@ Non-flat asymptotics resembling Melvin magnetic universe,
approximately flat region if

1

rn<r —=
* B

Filip Hejda (UTF MFF/CENTRA) Strong magnetic fields around black holes 19" December 2014 4 /17
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Black holes in magnetic universes ||

o Gibbons, G. W., Mujtaba, A. H., Pope, C. N. Ergoregions in
magnetized black hole spacetimes. Classical and Quantum Gravity,
30. 2013.

@ Problem with interpretation of the azimuthal coordinate, axis regular
if

3 1
@ € <0,2n [1 + E5‘2Q2 +2B3MQa+ B* <1604 + I\/I2a2>]>
@ Non-flat asymptotics resembling Melvin magnetic universe,

approximately flat region if

1

rn<r —=
* B

o Note: Generalised electrostatic potential ¢ = —A; — wA,
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Introduction Near-horizon limit

Recipe for near-horizon limit of the metric

o Carter, Brandon. Black hole equilibrium states. Les Houches
Lectures, 1972.

o Bardeen, J., Horowitz, G. T. Extreme Kerr throat geometry:
A vacuum analog of AdS, x .#?. Physical Review D, 60. 1999.
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Recipe for near-horizon limit of the metric

Carter, Brandon. Black hole equilibrium states. Les Houches
Lectures, 1972.

Bardeen, J., Horowitz, G. T. Extreme Kerr throat geometry:
A vacuum analog of AdS, x .#?. Physical Review D, 60. 1999.

@ One can factorise out a function A from some metric coefficients

g =—AN?dt? + 8o (dp — oudt)2 + % dr? + gyg dv)?

Let us assume that the black hole is extremal and coordinate r is
chosen so that hypersurface r = ry is the degenerate horizon

Then set

A=(r— ro)2
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Recipe for near-horizon limit of the metric Il

@ Coordinate transformation depending on a limiting parameter p

r=r + px
-
t=—
p

@ Assume that N,g,,,gw,gw as functions of x have a finite, nonzero
limit for p — 0, so that just this expression is left to resolve

dy —wdt
@ Expansion of the dragging potential

W = WH ar r—r)=wH ar pPX

n r
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Recipe for near-horizon limit of the metric Ill

@ Plugging in the expansion we get

ow
dp —wdt =dp — —
p—w ® (wH + ar

pX d—T:dnp—w—HdT—a—w xdr
" p p or |,

@ It is necessary to add ,rewinding” of the azimuthal angle

w
p=yp+—r
p
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Recipe for near-horizon limit of the metric Ill

@ Plugging in the expansion we get

Oow dr WH Oow
dp —wdt =dp — — — =dyp - —dr — — d
Y —w 2 (WH+ or . PX) D ¥ D T or rOX T

@ It is necessary to add ,rewinding” of the azimuthal angle

w
p=yp+—r
p

@ For the Kerr-Newman solution we get the following limiting metric

=[Q* + a® (1 + cos® V)] X d72+d192+d—x2 +
7 (Q2 + 2a2)? X2
24 942)2 /02 & 32 2
. (Qz+ ) st (dy + YO EIX,,
Q2 + a2 (1 + cos?¥) (Q2 + 2a2)
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Introduction Near-horizon limit

Near-horizon limit of the electromagnetic field

@ Again, we should expand to the first order and rearrange the terms

0A dr 0A w .

= | A, + 8—t px | — + | Al + 7| Px <d¢+ HdT> =
1 p or o p

) xdr + Asv’ro dy =

dr 0A
]

A
_ ¢H +<8At 0A, )XdT—i-A(p d
p °
ro

0A,
H o or o

ro

or wH or

@ We assume the generalised electrostatic potential of the horizon ¢y to
be constant, so we can get rid of the singular term by changing gauge

@ It is possible to consider a different gauge, in which the singular term
does not emerge at all, but this gauge does not respect the symmetry
of the metric

Filip Hejda (UTF MFF/CENTRA) Strong magnetic fields around black holes 19" December 2014 8 /17



Moz-izzen i
Infinite throat

|

7/
1]
il

(Reissner-Nordstrom, Q@ = M, t = const.)
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Stationary Ernst solution (a = 0)

QZ

2 in2 2B 2
N Q 2sm Y [ ¢—<1+ B2Qz)xd7']
(14 3B2Q?)" + B2Q2 cos? ¥ Q
(1+1B2Q%)? B2chos219< 15202>
(14 3B2 Q2) + B2Q? cos? ¥ 4
Ay = —BQ? ( — 1—68404) sinZ
1+ 3B2Q% + £B*Q* (14 1B2Q?)” + B2Q2 cos? ¥

1 2 X2 Q3
<1 + 48202> + B2Q? cos? ¥ < dr? + = 2 dy? + Q2 d192> +

o\x

o Interesting case: What if |BQ| = 27
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Stationary Ernst solution (a = 0)

QZ

2 in2 2B 2
N Q 2sm Y [ ¢—<1+ B2Qz)xd7']
(14 3B2Q?)" + B2Q2 cos? ¥ Q
(1+1B2Q%)? B2chos219< 15202>
(14 3B2 Q2) + B2Q? cos? ¥ 4
Ay = —BQ? ( — 1—68404) sinZ
1+ 3B2Q% + £B*Q* (14 1B2Q?)” + B2Q2 cos? ¥

1 2 X2 Q3
<1 + 48202> + B2Q? cos? ¥ < dr? + = 2 dy? + Q2 d192> +

o\x

o Interesting case: What if |BQ| = 27
@ It actually becomes near-horizon Kerr with |3 = 2|Q)|!
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Ernst-Wild solution (Q = 0)

2 2
g = [(1+ B*a*) (1 + cos®¥) + 2B%a” sin® V] <—2<82 dr’ + % dy® +a° dz92> +

422 sin® ¥
(1 + B*a*) (1 4 cos?9)) + 2B2a2sin* ¥

[dv+ 55 (1- B*3*) dTr

* 232

2 (1+ B2?)°
Ar=—-Bx[1- —
(1+ B*a*) (1 + cos?¥) + 2B2a%sin“ 9

_1-B%* 2Ba’sin’ ¥
YT 1+ B4 (1+ B*a*) (1 + cos? ) + 2B2a?sin? ¢

@ Interesting case: What if |Ba| = 17
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Ernst-Wild solution (Q = 0)

2 2
g = [(1+ B*a*) (1 + cos®¥) + 2B%a” sin® V] <—2<82 dr’ + % dy® +a° dz92> +

422 sin® ¥
(1 + B*a*) (1 4 cos?9)) + 2B2a2sin* ¥

[dv+ 55 (1- B*3*) dTr

* 232

2 (1+ B2?)°
Ar=—-Bx[1- —
(1+ B*a*) (1 + cos?¥) + 2B2a%sin“ 9

_1-B%* 2Ba’sin’ ¥
YT 1+ B4 (1+ B*a*) (1 + cos? ) + 2B2a?sin? ¢

@ Interesting case: What if |Ba| = 17
@ It actually becomes near-horizon Reissner-Nordstrom, i.e.
Robinson-Bertotti with ‘@‘ = 2al
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General extremal MKN black hole, i.e. aQB # 0 (raw)

1
outl121=
64 |

e (3a%+20%+a? Cos[26])
(a% + @* + a% Cos (6]}

[uasn'.sﬁa? B QVa’iQ® +8aBQVa’+Q® (44587Q7) +8a B (4498%0%) + 207 (1641687 97+ B Q) + 2% (484 10487 Q7+ 27 8% ¢F)

ILSEEE'*lSEZQ'¢32.a:EEQ\‘JEZ*QZ*Ba“E:}:AVBEZ ?) +8aB0Ya?+Q? (-4+382 Q%) +a® (16-887 0" + 9 B ¢°}| Con[2®

32208003227 B QP+ 1625 B\ 2%+ 4162 BY Q2
outnal=

a?+Q? +4BQ (4+B2Q?) +ay/a’+Q? (-16+24B2Q7+ 3B Q)
8 (2a2.02)7

ounai= (12047 8% Va1 7 +1522° B Vali (4+870?) -29° (-2+BQ) (2+4BQ) (16480 @

a)
saBQ’\a’+Q* (80-168°Q*+38'Q'|+8a’BY

—24at

B Q (-48-8E* Q7+ B Q)

+@ {16+1368% 9> + 58 Q%)
a’. @ v6aa° B \alig?

+a?Q (644123287 Q% _ 148 R Q' _ 9 B° QF) _
[sast e 1o8tqriazsar s

(-4+382 Q") —24a

B7Q(16-24 B2 Q?+B Q') -B8aBQ* Val+Q® {16-32B7Q7+3 8% Q')+
8a’BVa?+9? (16+887Q7+5810') +a%Q (6230407 0%+ 236 8% @ - 9 B° QF)

cos[2@] - 32a° B* @ (-20+B? @) sin(e]?
[4(2a7+07) [s8a B0 v 362> B 0 a? o 0

[
+8aB0Va®+ @

(44587 Q%) +8a'B® (4+9820Q%) +20Q° (1641682 Q* + B* Q') + a® (484 104 B 0% 4 27 B* ) +
[16asnt vt gt ez Vet g cnat e (arami @) iaanoyat o [ae2nt0F] oa (16 822 g om0t | comrae )
2B [120°+ 20280/ + 0 + B (16204162 02 )
outiasi= — .

B
1648 (2407 +322B0V 2%+ +B (1628 v16a7 07 ) |

[2[48a" B v 7222 B2 0\/aP v +2B0° (845707} +8a'B (24987 0F) v 220/ 2?4 O

(441582 Q%) +a? BQ? (52427 B2 @) +
[16a 8t vaBoiizea’ 2 oyfal s g? v 5a

a

B (24382 Q") +a2BQ* (-44+982 ¢

J+2a0V

v {-2+982 Q)| cos zg;H/
(8?8t c96a’m?ai/a? + 0 +8aBOVa? @

4+582 @

?} +8a' B? (4+9820%) +20? (16+16B2 Q%+ B' Q') +a® {48+ 204 B 0 + 2784 ) +
[16at s 16w gtva2a i oV/a? 1 @7 vsat®? (a3 Q) isamgfati?

(-a+382Q%) +a? ;m,sg?Q%ggﬂqﬂlc;‘s;zeJ
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General extremal MKN black hole, i.e. aQB # 0 (2013)

2 2
X 2, dx 2
g=f(¥) | ————5d7° + —& +dv° | +
”( (@22 7 T2

2 2\2 . 2
(Q +j’.:19)) sin® ¢ (@ 7deT)2
£(9) = (1 T %BZQZ)Q (@ +2 (1+co? )] +2 (1 + %BZQZ) (673 (@° +3°) + BQav/Q? + 22 sin” 0 +

+ B2 (Ba\/ Q2 + a2 + 0)2 [32 + (02 + az) cos? 19]

1 1
G=—"12BQ° (1+ -B*Q*+28%2% ) +4B%Qa" +
(@2 +222)2 4

3
+aV/Q2t 22 {72 (1 - B4a4) 128°Q% 1+ 3B2Q% + gB“Q“] }

A=t X {Q (1 - %BZQZ) +2BaV/Q? +a2} [o (1 - 23202) +

f(9) Q2 +2a?

2
+2BaV Q% + 22| +

(1 + 35202)2 &+ B (BavVQ 2 + 0)2 (@+2) -
4

-2 (1 + %BZQZ> [8232 (02 + 32) + BQav/Q2 + az] } sin? 9

o (Q%+2a%)2 [o (1 - %BZQZ) +2Bav/ Q2 + az] sin2 9
A) = ——
YT 2A(9) 14 382Q7 1 28Qa/Q2 1 2 + B4 (0% + @22+ at)
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General extremal MKN black hole, i.e. aQB # 0 (2014)

2
2 2 Q? +2a%) " sin2 v
X dx .
g = f(9) (—7( 5 % + -+ dﬂ2> + 7( ) (dip — @x dr)?
X

Q2 + 222 £(9)
1 2
£(9) = [\/02 + a2 (1 + ZBzo2 + Bzaz) + Boa] +

3 2
+ {a (1 — ZBZQ2 - B2a2) — BV Q2 + 32} cos?

2 1
b= [\/QZ T a2 <1+ Z3292 +Bzaz) +

(@ + 2a2)?

+ BQa

{a (1 - zB2Q2 - Bzaz) —BQVQ + 32}
A= b X [Q (1— 33202) +2Ba\/Q2+a2] 0(1—15202) +
£ (9) Q2 + 222 4 2

+ 2BaV/ Q2 + a2

2 2
3
+ |:a (1 — ZBZQ2 — 3222) — BQVQ? + 32:| sin2 9

o (Q%+2a?)2 [Q (1 - %BZQZ) +2Bav/Q2 + 32] sin? 9
Ay = —
v 2f(9) 1 + 3B2Q? + 2B3Qav/Q? + & + B (%Q4+Q2a2+a4)
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The equivalence
@ The near-horizon limiting description of a MKN black hole can be

obtained using effective parameters from the one of the Kerr-Newman
solution (they are mathematically equivalent)

M= /Q2+ a2 (1 4+ %8202 + 8232> + BQa
3= < B2Q2 8232) - BQVQ*+2
Q= Q( B2Q2> +2Bay/ Q2 + a2
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The equivalence
@ The near-horizon limiting description of a MKN black hole can be

obtained using effective parameters from the one of the Kerr-Newman
solution (they are mathematically equivalent)

M= /Q2+ a2 (1 4+ %B2Q2 + 8232> + BQa
3=2a <1 - 23202 - 8232) — BQV Q2 + 22
R=Q (1 - iBzQ2> +2Bay/ Q2 + a2

@ Magnetic field in the vicinity of the degenerate horizon has internal
character, which is an indication of so called Meissner effect

o Karas, V., Budinova, Z. Magnetic Fluxes Across Black Holes in a
Strong Magnetic Field Regime. Physica Scripta, 61, 253-256. 2000.
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Parameter space of a near-horizon MKN: a = M cos ykn, @ = M sin ykn

1 o 1 1 1 1 | Y

-15 -1 —0,5 0 0,5 1 15

YKN

Filip Hejda (UTF MFF/CENTRA) Strong magnetic fields around black holes 19th December 2014 16 / 17



Thank you for your attention
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