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Thus L is also a Lorentz transformation
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If we first perform the boost, the final result is simply a rotation
~ of the axes obtained in the intermediate reference frame. However
~when one-performs first the rotation of the axes, the boost is then:
~along the new x' axis.-Thus, the two operations do not commute,
that is, the final result depends on the order of the operations.
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(NOTE: See also index notation solution on the next page!)
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Solution of exercise 1-c) of section 2

Before addressing the exercise, let just note that if one considers time independent
transformations, that is in the form

A:((l) g) (22)

we recover the condition for the group of rotations for R, if we use the Lorentz conditions
. This means that the Lorentz group contains as a subgroup the group of rotations.

Let us now consider a general transformation involving = and ¢, i.e ' — z'' =
Cz’ 4+ Dz' e 2° — 2¥ = A2° + Bz, where the coefficients are for now, arbitrary. In
matrix notation

A B 00
C D 0O
A= 0 0 10 (23)
0 0 01
Inserting in the orthogonality condition with respect to 7,,we have
A C 00 -1 0 0 0 A B 00 -1 0 0 0
B D 00 0 1 00 ¢ D OO0 | 0 100 (24)
0 010 0 010 0 0 10| 0 010
0 0 01 0 001 0 0 01 0 001
so we obtain 3 conditions
Cc?—A* = —1 (25)
D*-B* =1 (26)
CD = AB (27)
These can be solved with a single parameter, similarly to rotations in 2D
A = D =cosh¢ (28)
C = B=—sinh¢ (29)

which we call pseudo-rotations, due to the presence of hyperbolic, rather than trigono-
metric, functions. This result can be interpreted physically using the definition of the
velocity of the frame O’ as seen in the frame O. First we write again the transformations

¥ = cosh¢a® —sinh ¢ 2! (30)
# = —sinh¢ 2+ cosho ' (31)
Consider the position of the origin of the frame O’ as seen in the frame O (Fig. 4).
The equation for such point is



0 o’

Figure 4: Frame O in motion with respect to O. Note that the position of the origin
O’ is by definition z'" = 0.

' = 0 (32)
& —sinh¢a” +coshgpz'! = 0 (33)
= 2! = tanhoct (34)

Thus O moves with velocity v = ctanh ¢ as seen in frame O. Solving for v we end up
with a more conventional form of this Lorentz transformation

¥ = 2% — ! (35)

o = 0y (36)

In the small speed limit, this reduces to a Galileo transformation. Note at this point
once again, the similarity of such pseudo-rotations with standard rotations: The pseudo-
rotation is done on the xt plane of space-time (similarly a rotation is performed on an
xy plane as discussed in a previous exercise). In matrix form one writes

cosh¢ —sinh¢ 0 0 v -z 00

| —sinh¢ cosh¢ O O | | =72 v 00
L= 0 0 1o | 0 0 10 (37)

0 0 0 1 0 0 01

where we define v = /1 — Z—; The left hand side representation is particularly useful
to compose Lorentz transformations on the same plane, since similarly to rotations,
we just need to add pseudo angles. Thus, consider two pseudo-rotations with pseudo-
angles ¢1, ¢o and associated velocities v; e v9. That is, consider a frame O in motion
with respect to O with velocity

v; = ctanh ¢ (38)
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vl : v2
T v=(vI+v2)(1+vIv2/clc)

O 30? O??

Figure 5: Composition of two Lorentz transformations. Note the dotted lines connecting
the velocity vectors to the origin of the reference frame with respect to which they are
measured. Thus vy is the velocity of O with respect to O, vy the velocity of O” with
respect to @ and v is the composed velocity of O with respect to O.

and a frame O” in motion with respect to O’ with velocity
vg = ctanh ¢ (39)

(Fig. 5) thus the composed operation has a pseudo-angle ¢ = ¢1 + ¢ and velocity

U1 + U2
1+ 252

c2

v = ctanh(¢; + ¢) = (40)

(verify this by making the matrix product). An immediate consequence is that the
speed of light cannot be exceeded since —1 < tanh ¢ < 1. In particular, if the velocity
of O” with respect to O is v = ¢, then it is v = ¢ with respect to O (this again
expressed the invariance of light rays propagating at the speed of light ¢ with respect
to all frames). The speed of light is thus the limiting speed in the theory.
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