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❙♦❧✉t✐♦♥ ♦❢ ❡①❡r❝✐s❡ ✶✲❝✮ ♦❢ s❡❝t✐♦♥ ✷

❇❡❢♦r❡ ❛❞❞r❡ss✐♥❣ t❤❡ ❡①❡r❝✐s❡✱ ❧❡t ❥✉st ♥♦t❡ t❤❛t ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t
tr❛♥s❢♦r♠❛t✐♦♥s✱ t❤❛t ✐s ✐♥ t❤❡ ❢♦r♠

Λ =

(

1 0
0 R

)

✭✷✷✮

✇❡ r❡❝♦✈❡r t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❣r♦✉♣ ♦❢ r♦t❛t✐♦♥s ❢♦rR✱ ✐❢ ✇❡ ✉s❡ t❤❡ ▲♦r❡♥t③ ❝♦♥❞✐t✐♦♥s
✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ▲♦r❡♥t③ ❣r♦✉♣ ❝♦♥t❛✐♥s ❛s ❛ s✉❜❣r♦✉♣ t❤❡ ❣r♦✉♣ ♦❢ r♦t❛t✐♦♥s✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ x ❛♥❞ t✱ ✐✳❡ x1 → x1
′

=
Cx0 +Dx1 ❡ x0 → x0

′

= Ax0 + Bx1✱ ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❢♦r ♥♦✇✱ ❛r❜✐tr❛r②✳ ■♥
♠❛tr✐① ♥♦t❛t✐♦♥

Λ =









A B 0 0
C D 0 0
0 0 1 0
0 0 0 1









✭✷✸✮

■♥s❡rt✐♥❣ ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ηµν✇❡ ❤❛✈❡









A C 0 0
B D 0 0
0 0 1 0
0 0 0 1

















−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

















A B 0 0
C D 0 0
0 0 1 0
0 0 0 1









=









−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









✭✷✹✮

s♦ ✇❡ ♦❜t❛✐♥ ✸ ❝♦♥❞✐t✐♦♥s

C2 − A2 = −1 ✭✷✺✮

D2 − B2 = 1 ✭✷✻✮

CD = AB ✭✷✼✮

❚❤❡s❡ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❛ s✐♥❣❧❡ ♣❛r❛♠❡t❡r✱ s✐♠✐❧❛r❧② t♦ r♦t❛t✐♦♥s ✐♥ ✷❉

A = D = coshφ ✭✷✽✮

C = B = − sinhφ ✭✷✾✮

✇❤✐❝❤ ✇❡ ❝❛❧❧ ♣s❡✉❞♦✲r♦t❛t✐♦♥s✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❤②♣❡r❜♦❧✐❝✱ r❛t❤❡r t❤❛♥ tr✐❣♦♥♦✲
♠❡tr✐❝✱ ❢✉♥❝t✐♦♥s✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ♣❤②s✐❝❛❧❧② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
✈❡❧♦❝✐t② ♦❢ t❤❡ ❢r❛♠❡ O′ ❛s s❡❡♥ ✐♥ t❤❡ ❢r❛♠❡O✳ ❋✐rst ✇❡ ✇r✐t❡ ❛❣❛✐♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s

x0
′

= coshφx0 − sinhφ x1 ✭✸✵✮

x
′

= − sinhφ x0 + coshφ x1 ✭✸✶✮

❈♦♥s✐❞❡r t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❢r❛♠❡ O′ ❛s s❡❡♥ ✐♥ t❤❡ ❢r❛♠❡ O ✭❋✐❣✳ ✹✮✳
❚❤❡ ❡q✉❛t✐♦♥ ❢♦r s✉❝❤ ♣♦✐♥t ✐s

✾



O’O

ct ct’

x’x

v

❋✐❣✉r❡ ✹✿ ❋r❛♠❡ O′ ✐♥ ♠♦t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ O✳ ◆♦t❡ t❤❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥
O′ ✐s ❜② ❞❡✜♥✐t✐♦♥ x1

′

= 0✳

x1
′

= 0 ✭✸✷✮

⇔ − sinhφ x0 + coshφ x1 = 0 ✭✸✸✮

⇒ x1 = tanhφ ct ✭✸✹✮

❚❤✉s O′ ♠♦✈❡s ✇✐t❤ ✈❡❧♦❝✐t② v = c tanhφ ❛s s❡❡♥ ✐♥ ❢r❛♠❡ O✳ ❙♦❧✈✐♥❣ ❢♦r v ✇❡ ❡♥❞ ✉♣
✇✐t❤ ❛ ♠♦r❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❢♦r♠ ♦❢ t❤✐s ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥

x0
′

=
1

√

1− v2

c2

x0 − v√
c2 − v2

x1 ✭✸✺✮

x1
′

= − v√
c2 − v2

x0 +
1

√

1− v2

c2

x1 ✭✸✻✮

■♥ t❤❡ s♠❛❧❧ s♣❡❡❞ ❧✐♠✐t✱ t❤✐s r❡❞✉❝❡s t♦ ❛ ●❛❧✐❧❡♦ tr❛♥s❢♦r♠❛t✐♦♥✳ ◆♦t❡ ❛t t❤✐s ♣♦✐♥t
♦♥❝❡ ❛❣❛✐♥✱ t❤❡ s✐♠✐❧❛r✐t② ♦❢ s✉❝❤ ♣s❡✉❞♦✲r♦t❛t✐♦♥s ✇✐t❤ st❛♥❞❛r❞ r♦t❛t✐♦♥s✿ ❚❤❡ ♣s❡✉❞♦✲
r♦t❛t✐♦♥ ✐s ❞♦♥❡ ♦♥ t❤❡ xt ♣❧❛♥❡ ♦❢ s♣❛❝❡✲t✐♠❡ ✭s✐♠✐❧❛r❧② ❛ r♦t❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦♥ ❛♥
xy ♣❧❛♥❡ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❛ ♣r❡✈✐♦✉s ❡①❡r❝✐s❡✮✳ ■♥ ♠❛tr✐① ❢♦r♠ ♦♥❡ ✇r✐t❡s

L =









coshφ − sinhφ 0 0
− sinhφ coshφ 0 0

0 0 1 0
0 0 0 1









=









γ −γ v

c
0 0

−γ v

c
γ 0 0

0 0 1 0
0 0 0 1









✭✸✼✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡ γ =
√

1− v2

c➨
✳ ❚❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧

t♦ ❝♦♠♣♦s❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥s ♦♥ t❤❡ s❛♠❡ ♣❧❛♥❡✱ s✐♥❝❡ s✐♠✐❧❛r❧② t♦ r♦t❛t✐♦♥s✱
✇❡ ❥✉st ♥❡❡❞ t♦ ❛❞❞ ♣s❡✉❞♦ ❛♥❣❧❡s✳ ❚❤✉s✱ ❝♦♥s✐❞❡r t✇♦ ♣s❡✉❞♦✲r♦t❛t✐♦♥s ✇✐t❤ ♣s❡✉❞♦✲
❛♥❣❧❡s φ1, φ2 ❛♥❞ ❛ss♦❝✐❛t❡❞ ✈❡❧♦❝✐t✐❡s v1 ❡ v2✳ ❚❤❛t ✐s✱ ❝♦♥s✐❞❡r ❛ ❢r❛♠❡ O′ ✐♥ ♠♦t✐♦♥
✇✐t❤ r❡s♣❡❝t t♦ O ✇✐t❤ ✈❡❧♦❝✐t②

v1 = c tanhφ1 ✭✸✽✮

✶✵



O

ct

x

O’’
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ct’
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v=(v1+v2)/(1+v1v2/c/c)

❋✐❣✉r❡ ✺✿ ❈♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥s✳ ◆♦t❡ t❤❡ ❞♦tt❡❞ ❧✐♥❡s ❝♦♥♥❡❝t✐♥❣
t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦rs t♦ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ✇✐t❤ r❡s♣❡❝t t♦ ✇❤✐❝❤ t❤❡② ❛r❡
♠❡❛s✉r❡❞✳ ❚❤✉s v1 ✐s t❤❡ ✈❡❧♦❝✐t② ♦❢ O′ ✇✐t❤ r❡s♣❡❝t t♦ O✱ v2 t❤❡ ✈❡❧♦❝✐t② ♦❢ O′′ ✇✐t❤
r❡s♣❡❝t t♦ O′ ❛♥❞ v ✐s t❤❡ ❝♦♠♣♦s❡❞ ✈❡❧♦❝✐t② ♦❢ O′′ ✇✐t❤ r❡s♣❡❝t t♦ O✳

❛♥❞ ❛ ❢r❛♠❡ O′′ ✐♥ ♠♦t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ O′ ✇✐t❤ ✈❡❧♦❝✐t②

v2 = c tanhφ2 ✭✸✾✮

✭❋✐❣✳ ✺✮ t❤✉s t❤❡ ❝♦♠♣♦s❡❞ ♦♣❡r❛t✐♦♥ ❤❛s ❛ ♣s❡✉❞♦✲❛♥❣❧❡ φ = φ1 + φ2 ❛♥❞ ✈❡❧♦❝✐t②

v = c tanh(φ1 + φ2) =
v1 + v2

1 + v1v2

c2

. ✭✹✵✮

✭✈❡r✐❢② t❤✐s ❜② ♠❛❦✐♥❣ t❤❡ ♠❛tr✐① ♣r♦❞✉❝t✮✳ ❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡
s♣❡❡❞ ♦❢ ❧✐❣❤t ❝❛♥♥♦t ❜❡ ❡①❝❡❡❞❡❞ s✐♥❝❡ −1 < tanhφ < 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡ ✈❡❧♦❝✐t②
♦❢ O✑ ✇✐t❤ r❡s♣❡❝t t♦ O′ ✐s v2 = c✱ t❤❡♥ ✐t ✐s v = c ✇✐t❤ r❡s♣❡❝t t♦ O ✭t❤✐s ❛❣❛✐♥
❡①♣r❡ss❡❞ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ ❧✐❣❤t r❛②s ♣r♦♣❛❣❛t✐♥❣ ❛t t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t c ✇✐t❤ r❡s♣❡❝t
t♦ ❛❧❧ ❢r❛♠❡s✮✳ ❚❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐s t❤✉s t❤❡ ❧✐♠✐t✐♥❣ s♣❡❡❞ ✐♥ t❤❡ t❤❡♦r②✳

✶✶


