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1 Pre-relativity

By the end of the 19th century, Physics was based on two fundamental pillars which
were thought to describe all physical phenomena known to date. One of such pillars was
the set of Newton’s laws which described all mechanical phenomena from the motion
of planets (at the scale of the solar system), projectile motion, fluid dynamics etc... On
another hand, Maxwell’s electromagnetism was able to explain all electric and magnetic
phenomena, as well as to provide the right hand side of the Newton equations in certain
systems, and also explaining light as a wave phenomenon.

Special relativity arises as a conflict between both theories, at the theoretical as
well as experimental levell The way in which this happens is related to the group of
transformations which leave each theory invariant. We will see next, that Newton’s
laws are invariant under a group of coordinate transformations (the Galilean group)
when written in inertial reference frames. On the other hand, since the electromagnetic
wave phenomenon of light is described by a wave equation, it was natural at the time,
to think about it in analogy to fluid dynamics (which transforms under the Galilean
group since it comes from Newton’s equations effectively), and to assume that there
was a fluid on which it propagated dubbed “ether”. This raised the question of whether
the speed of light should be transformed between frames according to the Galilean laws,
just like for fluid dynamics.

1.1 Newtonian mechanics and inertial frames

Newton’s laws, express a relation between the set of forces applied on a system of
particles, and the trajectories that the particles will follow. In its simplest form (here
we label a given particle by p). Newton’s second law applied to a particle in the system
is

E,=m—2 =m—2 = ma, (1)
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Figure 1: Constant translations of the coordinate system.

where the vector of forces applied on the particle is ﬁp = (F* FY F~?), the vector
7y = (2,9, 2) is the position of the particle with respect to the origin of the coordinate
system O, and we have also rewritten the right hand side in terms of the velocity and
acceleration. This law defines the inertial frames. For example, in an inertial frame,
Newton’s first law of inertia says that the total force acting on a object in uniform
motion with constant velocity is zero. This is readily obtained from the Newton law
Eq.(1), so the inertial frames are those in which the law of inertia is obeyed by the
equations of motion.

1.1.1 Invariance under translations and rotations

The group of invariance of Newton’s laws is directly related with the fact that the right
hand side of the equations is differential in time. Thus, by looking to the right hand
side it is easy to see that a transformation of the form

t = t+t (2)
7;; = T_I;+F0 (3)

doesn’t affect the equations of motion. In fact, if one calculates the right hand side of
Newton’s equations in reference frame O’

dry’ _ did(fo+7y) _ dry N dQT_g _ d%;; )
at’  dt’ dt dt dt’ dt

thus the right hand side of Newton’s equations is invariant under constant translations.
Concerning the left hand side (the applied forces) in general one can have, for each
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Figure 2: Constant rotation of the coordinate system

particle, a force which depends on positions, velocities and time. However, in nature,
for closed systems of particles, that is without external forces being applied, in general,
the force applied to a given particle depends only on the difference between positions
and velocities of pairs of particles (7, and @, represent the position and velocity of some
other particle in the system)

Fp(|Fp_Fq|7|6p_Uq|) (5)

Since a translation of the coordinate system, affects all position vectors in the same
way, the difference is clearly invariant. Physically, this property is expected, since the
description of our physical system should not depend on the point in space that we are
taking as origin, or the time when we decide that the clocks start ticking. A simple
example of such a force is Newton’s law of gravitation, in which the force between test
masses only depends on the distance between them, and the same for the electrostatic
force between electric charges.

Very similarly, one can show that a constant rotation of the coordinate system, does
not affect Newton’s equations. That is also expected since that orientation of the axes
should also be arbitrary. The proof follows in a similar way, considering that a rotation
of a vector is given in general by a rotation matrix R acting on a column vector

7, = R.r, (6)
More explicitly
il?% RI/I Rx/y RI/Z Tp
yl/’ = Ry/x Ry’y Ry/z Yp (7)
2, R., R., R.. Zp

To show invariance, one has to determine the acceleration in reference frame O, as a
function of the acceleration in frame (', insert in Newton’s equations of motion and



show that the equations take the same form when expressed in terms of the accelerations
and force in frame O'. If the matrix is constant,

427 27, 2 &7
p —_ R D p — R_l. P
RTE a2 ae RTE (8)

inserting in Newton’s equations

., d>r
, = mR_l.—dt; (9)
) @27
SRF, = m dt2p (10)
., a2
e = m dtzp (11)

where we defined the rotated force ﬁl’, = R.E(|7,— 7|, |0, —T,]) = R.E (|7, — 1, |77, —
ti|), and in this last step we have used the fact that the norm of vectors is invariant
under rotations.

Note that, however, if the rotation is time dependent, in general Newton’s equations
will take a different form, and the new frame will not be inertial (new forces such as

the Coriolis and centrifugal force will appear).

1.1.2 Invariance under Galilean transformations

Since the right hand side of Newton’s equations contain second order time derivatives of
the position vector, one also has the freedom to make a constant translation of the ve-
locity, that is, to consider a moving frame with uniform velocity. Such a transformation
is called a Galileo transformation, which takes the form

F; =7 + Upt (12)
thus, for example, if one considers vy = (—v,,0,0) then, the moving frame is moving
towards the right with constant velocity. Clearly the right hand side of Newton’s
equations is invariant. As for the forces, again, for a closed system the ¥yt cancels in
the difference between vectors.

1.1.3 Summary of the invariance of Newton’s laws and composition of
transformations

In summary, the group of transformations that leave classical mechanics invariant are
split in two types:
1. Up to linear in time and space translations of the form
' = ty+t (13)
v =+ x0 + V5t
7= F+rot+ it e ¥ =y+yo+ it (14)
2=z + 2 +vit



2. Constant rotations
7 =R.7 (15)

In particular, the composition of two such transformations is also a transformation of
the same type.

1.1.4 The group of rotations

A convenient (and in fact rigorous) way of thinking about the rotation group, is in
terms of scalar products between vectors. Two essential properties of rotations are:

e They leave the length of vectors invariant, that is, if we apply a rotation to a
vector, its norm stays the same

e The angle between vectors also stays invariant

Both properties are controlled by the scalar product between vectors. So it is natural to
define rotations as those linear transformations which leave the scalar product between
vectors invariant. The scalar product between vectors ¥ e w can be represented in
matrix notation as the product between a row and a column vector

Wy
Feol = rTw = (Te, Ty 2) | Wy
W,

If one defines a rotation matrix R acting on a vector w in frame O, returning a vector
w’ in the rotated frame ', then
w =Ruw.

Invariance of the scalar product means that the scalar product between any two vectors
in frame O is equal to the scalar product between the rotated vectors in frame ', i.e.

(In special relativity we will also define a space-time scalar product). Using the defini-
tion of rotations on the left hand side

(Rr)"Rw = r'w
r"RTRw = rTw
Thus, for the scalar product to be invariant for any two vectors we need
R'R=1

and the rotation matrix is said orthogonal. Another condition, which is necessary to
exclude reflections (which are also orthogonal but invert the axes) is det R = 1. Note
that from the orthogonality relations above one shows

(detR)* =1= detR = +1 (16)



The positive sign is associated with rotations and the negative to reflections.

instance, a rotation matrix on the xy plane is given by

cosf@ —sinf 0
R = sinf cosf O
0 0 1

An example of a reflection matrix which inverts the z axis is

-1
Inv = 0
0

O = O
_ o O

For
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2 Special relativity

In the last section, we have seen that the transformation laws of Newtonian relativity
between inertial frames are incompatible with Maxwell’s theory when applied to elec-
tromagnetic waves in vacuum as to describe light propagation. We have also seen in
particular, that interferometer experiments which measure the speed of light imply that
it must be a constant regardless of the relative motion between the source and observer.

Nevertheless, the transformation laws that preserve Newton’s equations, contain
an important principle, which is that the laws of mechanics are independent of the
relative motion between inertial frames. This principle is called Galileo’s principle and
is preserved in special relativity. Special relativity, finds a way to reconcile this principle
with the experimental (and to some extent theoretical) fact, that the speed of light in
vacuum is a constant.

Postulate 1 - Principle of Relativity The laws of Physics (Maxwell’s equations,
Mechanics equations, particle Physics equations, etc...) are the same in all inertial
frames (with a relative velocity).

This postulate is, in particular, compatible with the fact that Maxwell’s equations
are the same independently of the relative motion between source and ohserver. How-
ever, this somehow clashes with the Galilean transformations since the speed of light
does not get transformed between inertial frames as confirmed by the Michelson Morley
experiment. This will imply that we need to change the transformation laws between
inertial frames, using light as a guide, and the laws of Mechanics as well.

Postulate 2 - Constancy of the speed of light The speed of light in vacuum is
the same in all inertial frames.

This is also obviously compatible with Maxwell’s equations. Those equations are ac-
tually already relativist, after close inspection, so it should not be surprising a posteriori
that all clues for special relativity, came from such theory.

2.1 Lorentz transformations

To reconcile the transformation laws between inertial frames, with the postulates in the
introduction, we will analyze the propagation of light. Let us consider:

e A reference frame O at rest, in which a spherical light wave is emitted at time
t = 0 by a point like source at the origin,

e a uniformly moving source (frame Q') along the x axis, with velocity v, and that
such source also emits a spherical light wave ¢ = 0, when its origin coincides with
the source at rest (O = O’ at t = 0).

According to postulate 2, the wave must propagate at speed ¢ in both frames. The
position of wave front 3 in the frame at rest (Fig. 3) for ¢ > 0 after being emitted, is

7
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Figure 3: Wave fronts according to a Galilean transformation. (extracted from
Stephani, H; Relativity)

given by the equation of a sphere with radius R = ¢T, that is
4y 4+ 22 =P (17)

The wave front in the moving frame ¥’ obeys the same equation is such frame with
primed coordinates. Using a Galilean transformation, we would expect

¥ = xz—ut (18)
y =y (19)
2 = z (20)
and we would obtain instead
(x —vT)* +y* + 22 =212, (21)

Clearly, with this transformation, the second wave front does not coincide with the first
one (X # Y'). However, this is in conflict with the first postulate, since the two light
pulses were emitted simultaneously from the same point, so their propagation (i.e. the
associated law of Physics) cannot depend on relative motion. This shows:

e = The need to change the concept of simultaneous events by changing the trans-
formation laws between inertial frames. As a consequence, the laws of mechanics
will also be changed as to become relativistic.



F

w\o NV 2k
Z '
C gl I8
4 ealion padine
Ddr
\_ \w‘ = ,
o = M [YV\A\Q(}'\/\
% M d :
: 2 o d ) 5 %:QQ Q
(y‘ ) \L \(\A.(L N
3 0

. o © o A
' L%N PN ‘
= O (@) -
= LR L
@/@)Q \ MPQDOU'»C\ +QLIZ+Q())&T
L@ &%"W Lowi dm ko °y ST i - O)

Sironiloindy Ay Ky = Mg A L

Heo I ‘Q*« =(y P s

W 2xaloi~ |

( jyv\}u\ﬂp
%) V]/N OL)VNC“QQ‘() P‘OOU* |
9 Lwansd il 2y

-
‘/(0(\1 = (.\Au
\/2 * paots Avdi s
=7 L %’wl(u

v
o astaion ;

/t <9 (Q}' W

S T
—
)c

U XY ok Rt | A e
n“ OA t v :
Xa --’”’ /\ 17 | W



! ‘A— NA=Q[ i Mahxj/mgg&u
——— I;LQMFM wae o QAR=D

S R = MMMWWMLM%MM _

ey, Wi dpedt o awdhic o
Méﬁ e e bt

—
 Exdueda M)#M&WM* —



