
❆ ✜rst ❝♦✉rs❡ ♦♥ ◗✉❛♥t✉♠ ❋✐❡❧❞ t❤❡♦r②

❙♣❡❝✐❛❧ r❡❧❛t✐✈✐t② r❡✈✐s✐♦♥

▼❛r❝♦ ❙❛♠♣❛✐♦ ✕ ♠s❛♠♣❛✐♦❅✉❛✳♣t

✶✻ ❞❡ ❖✉t✉❜r♦ ❞❡ ✷✵✶✷

✶ Pr❡✲r❡❧❛t✐✈✐t②

❇② t❤❡ ❡♥❞ ♦❢ t❤❡ ✶✾t❤ ❝❡♥t✉r②✱ P❤②s✐❝s ✇❛s ❜❛s❡❞ ♦♥ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ ♣✐❧❧❛rs ✇❤✐❝❤
✇❡r❡ t❤♦✉❣❤t t♦ ❞❡s❝r✐❜❡ ❛❧❧ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❦♥♦✇♥ t♦ ❞❛t❡✳ ❖♥❡ ♦❢ s✉❝❤ ♣✐❧❧❛rs ✇❛s
t❤❡ s❡t ♦❢ ◆❡✇t♦♥✬s ❧❛✇s ✇❤✐❝❤ ❞❡s❝r✐❜❡❞ ❛❧❧ ♠❡❝❤❛♥✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❢r♦♠ t❤❡ ♠♦t✐♦♥
♦❢ ♣❧❛♥❡ts ✭❛t t❤❡ s❝❛❧❡ ♦❢ t❤❡ s♦❧❛r s②st❡♠✮✱ ♣r♦❥❡❝t✐❧❡ ♠♦t✐♦♥✱ ✢✉✐❞ ❞②♥❛♠✐❝s ❡t❝✳✳✳ ❖♥
❛♥♦t❤❡r ❤❛♥❞✱ ▼❛①✇❡❧❧✬s ❡❧❡❝tr♦♠❛❣♥❡t✐s♠ ✇❛s ❛❜❧❡ t♦ ❡①♣❧❛✐♥ ❛❧❧ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
♣❤❡♥♦♠❡♥❛✱ ❛s ✇❡❧❧ ❛s t♦ ♣r♦✈✐❞❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ◆❡✇t♦♥ ❡q✉❛t✐♦♥s ✐♥ ❝❡rt❛✐♥
s②st❡♠s✱ ❛♥❞ ❛❧s♦ ❡①♣❧❛✐♥✐♥❣ ❧✐❣❤t ❛s ❛ ✇❛✈❡ ♣❤❡♥♦♠❡♥♦♥✳

❙♣❡❝✐❛❧ r❡❧❛t✐✈✐t② ❛r✐s❡s ❛s ❛ ❝♦♥✢✐❝t ❜❡t✇❡❡♥ ❜♦t❤ t❤❡♦r✐❡s✱ ❛t t❤❡ t❤❡♦r❡t✐❝❛❧ ❛s
✇❡❧❧ ❛s ❡①♣❡r✐♠❡♥t❛❧ ❧❡✈❡❧✦ ❚❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤✐s ❤❛♣♣❡♥s ✐s r❡❧❛t❡❞ t♦ t❤❡ ❣r♦✉♣ ♦❢
tr❛♥s❢♦r♠❛t✐♦♥s ✇❤✐❝❤ ❧❡❛✈❡ ❡❛❝❤ t❤❡♦r② ✐♥✈❛r✐❛♥t✳ ❲❡ ✇✐❧❧ s❡❡ ♥❡①t✱ t❤❛t ◆❡✇t♦♥✬s
❧❛✇s ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r ❛ ❣r♦✉♣ ♦❢ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭t❤❡ ●❛❧✐❧❡❛♥ ❣r♦✉♣✮
✇❤❡♥ ✇r✐tt❡♥ ✐♥ ✐♥❡rt✐❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✇❛✈❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❧✐❣❤t ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ✐t ✇❛s ♥❛t✉r❛❧ ❛t t❤❡ t✐♠❡✱
t♦ t❤✐♥❦ ❛❜♦✉t ✐t ✐♥ ❛♥❛❧♦❣② t♦ ✢✉✐❞ ❞②♥❛♠✐❝s ✭✇❤✐❝❤ tr❛♥s❢♦r♠s ✉♥❞❡r t❤❡ ●❛❧✐❧❡❛♥
❣r♦✉♣ s✐♥❝❡ ✐t ❝♦♠❡s ❢r♦♠ ◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s ❡✛❡❝t✐✈❡❧②✮✱ ❛♥❞ t♦ ❛ss✉♠❡ t❤❛t t❤❡r❡
✇❛s ❛ ✢✉✐❞ ♦♥ ✇❤✐❝❤ ✐t ♣r♦♣❛❣❛t❡❞ ❞✉❜❜❡❞ ✏❡t❤❡r✑✳ ❚❤✐s r❛✐s❡❞ t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡t❤❡r
t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t s❤♦✉❧❞ ❜❡ tr❛♥s❢♦r♠❡❞ ❜❡t✇❡❡♥ ❢r❛♠❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ●❛❧✐❧❡❛♥ ❧❛✇s✱
❥✉st ❧✐❦❡ ❢♦r ✢✉✐❞ ❞②♥❛♠✐❝s✳

✶✳✶ ◆❡✇t♦♥✐❛♥ ♠❡❝❤❛♥✐❝s ❛♥❞ ✐♥❡rt✐❛❧ ❢r❛♠❡s

◆❡✇t♦♥✬s ❧❛✇s✱ ❡①♣r❡ss ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❢♦r❝❡s ❛♣♣❧✐❡❞ ♦♥ ❛ s②st❡♠ ♦❢
♣❛rt✐❝❧❡s✱ ❛♥❞ t❤❡ tr❛❥❡❝t♦r✐❡s t❤❛t t❤❡ ♣❛rt✐❝❧❡s ✇✐❧❧ ❢♦❧❧♦✇✳ ■♥ ✐ts s✐♠♣❧❡st ❢♦r♠ ✭❤❡r❡
✇❡ ❧❛❜❡❧ ❛ ❣✐✈❡♥ ♣❛rt✐❝❧❡ ❜② p✮✳ ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ ❛♣♣❧✐❡❞ t♦ ❛ ♣❛rt✐❝❧❡ ✐♥ t❤❡ s②st❡♠
✐s

~Fp = m
d2~rp

dt2
= m

d~vp

dt
= m~ap ✭✶✮

✶



v=dr/dt=dr’/dt
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❋✐❣✉r❡ ✶✿ ❈♦♥st❛♥t tr❛♥s❧❛t✐♦♥s ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳

✇❤❡r❡ t❤❡ ✈❡❝t♦r ♦❢ ❢♦r❝❡s ❛♣♣❧✐❡❞ ♦♥ t❤❡ ♣❛rt✐❝❧❡ ✐s ~Fp = (F x, F y, F z)✱ t❤❡ ✈❡❝t♦r
~rp = (x, y, z) ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡
s②st❡♠ O✱ ❛♥❞ ✇❡ ❤❛✈❡ ❛❧s♦ r❡✇r✐tt❡♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡❧♦❝✐t② ❛♥❞
❛❝❝❡❧❡r❛t✐♦♥✳ ❚❤✐s ❧❛✇ ❞❡✜♥❡s t❤❡ ✐♥❡rt✐❛❧ ❢r❛♠❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❛♥ ✐♥❡rt✐❛❧ ❢r❛♠❡✱
◆❡✇t♦♥✬s ✜rst ❧❛✇ ♦❢ ✐♥❡rt✐❛ s❛②s t❤❛t t❤❡ t♦t❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ ❛ ♦❜❥❡❝t ✐♥ ✉♥✐❢♦r♠
♠♦t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t ✈❡❧♦❝✐t② ✐s ③❡r♦✳ ❚❤✐s ✐s r❡❛❞✐❧② ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ◆❡✇t♦♥ ❧❛✇
❊q✳✭✶✮✱ s♦ t❤❡ ✐♥❡rt✐❛❧ ❢r❛♠❡s ❛r❡ t❤♦s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❧❛✇ ♦❢ ✐♥❡rt✐❛ ✐s ♦❜❡②❡❞ ❜② t❤❡
❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳

✶✳✶✳✶ ■♥✈❛r✐❛♥❝❡ ✉♥❞❡r tr❛♥s❧❛t✐♦♥s ❛♥❞ r♦t❛t✐♦♥s

❚❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❛r✐❛♥❝❡ ♦❢ ◆❡✇t♦♥✬s ❧❛✇s ✐s ❞✐r❡❝t❧② r❡❧❛t❡❞ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ r✐❣❤t
❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐s ❞✐✛❡r❡♥t✐❛❧ ✐♥ t✐♠❡✳ ❚❤✉s✱ ❜② ❧♦♦❦✐♥❣ t♦ t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠

t′ = t+ t0 ✭✷✮

~r′p = ~rp + ~r0 ✭✸✮

❞♦❡s♥✬t ❛✛❡❝t t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳ ■♥ ❢❛❝t✱ ✐❢ ♦♥❡ ❝❛❧❝✉❧❛t❡s t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢
◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s ✐♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡ O′

d~rp
′

dt′
=

dt

dt′
d(~r0 + ~rp)

dt
=

d~rp

dt
⇒

d2~rp
′

dt′➨
=

d➨~rp

dt➨
✭✹✮

t❤✉s t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❝♦♥st❛♥t tr❛♥s❧❛t✐♦♥s✳
❈♦♥❝❡r♥✐♥❣ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✭t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝❡s✮ ✐♥ ❣❡♥❡r❛❧ ♦♥❡ ❝❛♥ ❤❛✈❡✱ ❢♦r ❡❛❝❤

✷



v=dr/dt

x’

x

z’

z

y’

r

O

❋✐❣✉r❡ ✷✿ ❈♦♥st❛♥t r♦t❛t✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠

♣❛rt✐❝❧❡✱ ❛ ❢♦r❝❡ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ♣♦s✐t✐♦♥s✱ ✈❡❧♦❝✐t✐❡s ❛♥❞ t✐♠❡✳ ❍♦✇❡✈❡r✱ ✐♥ ♥❛t✉r❡✱
❢♦r ❝❧♦s❡❞ s②st❡♠s ♦❢ ♣❛rt✐❝❧❡s✱ t❤❛t ✐s ✇✐t❤♦✉t ❡①t❡r♥❛❧ ❢♦r❝❡s ❜❡✐♥❣ ❛♣♣❧✐❡❞✱ ✐♥ ❣❡♥❡r❛❧✱
t❤❡ ❢♦r❝❡ ❛♣♣❧✐❡❞ t♦ ❛ ❣✐✈❡♥ ♣❛rt✐❝❧❡ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣♦s✐t✐♦♥s
❛♥❞ ✈❡❧♦❝✐t✐❡s ♦❢ ♣❛✐rs ♦❢ ♣❛rt✐❝❧❡s ✭~rq ❛♥❞ ~vq r❡♣r❡s❡♥t t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t② ♦❢ s♦♠❡
♦t❤❡r ♣❛rt✐❝❧❡ ✐♥ t❤❡ s②st❡♠✮

~Fp(|~rp − ~rq|, |~vp − ~vq|) ✭✺✮

❙✐♥❝❡ ❛ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ❛✛❡❝ts ❛❧❧ ♣♦s✐t✐♦♥ ✈❡❝t♦rs ✐♥ t❤❡ s❛♠❡
✇❛②✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ❝❧❡❛r❧② ✐♥✈❛r✐❛♥t✳ P❤②s✐❝❛❧❧②✱ t❤✐s ♣r♦♣❡rt② ✐s ❡①♣❡❝t❡❞✱ s✐♥❝❡ t❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ ♦✉r ♣❤②s✐❝❛❧ s②st❡♠ s❤♦✉❧❞ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣♦✐♥t ✐♥ s♣❛❝❡ t❤❛t ✇❡ ❛r❡
t❛❦✐♥❣ ❛s ♦r✐❣✐♥✱ ♦r t❤❡ t✐♠❡ ✇❤❡♥ ✇❡ ❞❡❝✐❞❡ t❤❛t t❤❡ ❝❧♦❝❦s st❛rt t✐❝❦✐♥❣✳ ❆ s✐♠♣❧❡
❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ❢♦r❝❡ ✐s ◆❡✇t♦♥✬s ❧❛✇ ♦❢ ❣r❛✈✐t❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢♦r❝❡ ❜❡t✇❡❡♥ t❡st
♠❛ss❡s ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡♠✱ ❛♥❞ t❤❡ s❛♠❡ ❢♦r t❤❡ ❡❧❡❝tr♦st❛t✐❝
❢♦r❝❡ ❜❡t✇❡❡♥ ❡❧❡❝tr✐❝ ❝❤❛r❣❡s✳

❱❡r② s✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛ ❝♦♥st❛♥t r♦t❛t✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ❞♦❡s
♥♦t ❛✛❡❝t ◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s✳ ❚❤❛t ✐s ❛❧s♦ ❡①♣❡❝t❡❞ s✐♥❝❡ t❤❛t ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛①❡s
s❤♦✉❧❞ ❛❧s♦ ❜❡ ❛r❜✐tr❛r②✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ ❝♦♥s✐❞❡r✐♥❣ t❤❛t ❛ r♦t❛t✐♦♥
♦❢ ❛ ✈❡❝t♦r ✐s ❣✐✈❡♥ ✐♥ ❣❡♥❡r❛❧ ❜② ❛ r♦t❛t✐♦♥ ♠❛tr✐① R ❛❝t✐♥❣ ♦♥ ❛ ❝♦❧✉♠♥ ✈❡❝t♦r

~r′p = R.~rp ✭✻✮

▼♦r❡ ❡①♣❧✐❝✐t❧②




x′

p

y′p
z′p



 =





Rx′x Rx′y Rx′z

Ry′x Ry′y Ry′z

Rz′x Rz′y Rz′z









xp

yp
zp



 ✭✼✮

❚♦ s❤♦✇ ✐♥✈❛r✐❛♥❝❡✱ ♦♥❡ ❤❛s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡ O✱ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐♥ ❢r❛♠❡ O′✱ ✐♥s❡rt ✐♥ ◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛♥❞

✸



s❤♦✇ t❤❛t t❤❡ ❡q✉❛t✐♦♥s t❛❦❡ t❤❡ s❛♠❡ ❢♦r♠ ✇❤❡♥ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥s
❛♥❞ ❢♦r❝❡ ✐♥ ❢r❛♠❡ O′✳ ■❢ t❤❡ ♠❛tr✐① ✐s ❝♦♥st❛♥t✱

d➨~r′p

dt2
= R.

d➨~rp

dt2
⇒

d➨~rp

dt2
= R

−1.
d➨~r′p

dt2
✭✽✮

✐♥s❡rt✐♥❣ ✐♥ ◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s

~Fp = mR
−1.

d➨~r′p

dt2
✭✾✮

⇔ R. ~Fp = m
d➨~r′p

dt2
✭✶✵✮

⇔ ~F ′

p = m
d➨~r′p

dt2
✭✶✶✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡❞ t❤❡ r♦t❛t❡❞ ❢♦r❝❡ ~F ′

p = R. ~Fp(|~rp−~rq|, |~vp−~vq|) = R. ~Fp(|~r′p−~r′q|, |~v
′

p−
~v′q|)✱ ❛♥❞ ✐♥ t❤✐s ❧❛st st❡♣ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥♦r♠ ♦❢ ✈❡❝t♦rs ✐s ✐♥✈❛r✐❛♥t
✉♥❞❡r r♦t❛t✐♦♥s✳

◆♦t❡ t❤❛t✱ ❤♦✇❡✈❡r✱ ✐❢ t❤❡ r♦t❛t✐♦♥ ✐s t✐♠❡ ❞❡♣❡♥❞❡♥t✱ ✐♥ ❣❡♥❡r❛❧ ◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s
✇✐❧❧ t❛❦❡ ❛ ❞✐✛❡r❡♥t ❢♦r♠✱ ❛♥❞ t❤❡ ♥❡✇ ❢r❛♠❡ ✇✐❧❧ ♥♦t ❜❡ ✐♥❡rt✐❛❧ ✭♥❡✇ ❢♦r❝❡s s✉❝❤ ❛s
t❤❡ ❈♦r✐♦❧✐s ❛♥❞ ❝❡♥tr✐❢✉❣❛❧ ❢♦r❝❡ ✇✐❧❧ ❛♣♣❡❛r✮✳

✶✳✶✳✷ ■♥✈❛r✐❛♥❝❡ ✉♥❞❡r ●❛❧✐❧❡❛♥ tr❛♥s❢♦r♠❛t✐♦♥s

❙✐♥❝❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s ❝♦♥t❛✐♥ s❡❝♦♥❞ ♦r❞❡r t✐♠❡ ❞❡r✐✈❛t✐✈❡s ♦❢
t❤❡ ♣♦s✐t✐♦♥ ✈❡❝t♦r✱ ♦♥❡ ❛❧s♦ ❤❛s t❤❡ ❢r❡❡❞♦♠ t♦ ♠❛❦❡ ❛ ❝♦♥st❛♥t tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ✈❡✲
❧♦❝✐t②✱ t❤❛t ✐s✱ t♦ ❝♦♥s✐❞❡r ❛ ♠♦✈✐♥❣ ❢r❛♠❡ ✇✐t❤ ✉♥✐❢♦r♠ ✈❡❧♦❝✐t②✳ ❙✉❝❤ ❛ tr❛♥s❢♦r♠❛t✐♦♥
✐s ❝❛❧❧❡❞ ❛ ●❛❧✐❧❡♦ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ t❛❦❡s t❤❡ ❢♦r♠

~r′p = ~rp + ~v0t ✭✶✷✮

t❤✉s✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs ~v0 = (−vx, 0, 0) t❤❡♥✱ t❤❡ ♠♦✈✐♥❣ ❢r❛♠❡ ✐s ♠♦✈✐♥❣
t♦✇❛r❞s t❤❡ r✐❣❤t ✇✐t❤ ❝♦♥st❛♥t ✈❡❧♦❝✐t②✳ ❈❧❡❛r❧② t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ◆❡✇t♦♥✬s
❡q✉❛t✐♦♥s ✐s ✐♥✈❛r✐❛♥t✳ ❆s ❢♦r t❤❡ ❢♦r❝❡s✱ ❛❣❛✐♥✱ ❢♦r ❛ ❝❧♦s❡❞ s②st❡♠ t❤❡ ~v0t ❝❛♥❝❡❧s ✐♥
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✈❡❝t♦rs✳

✶✳✶✳✸ ❙✉♠♠❛r② ♦❢ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ ◆❡✇t♦♥✬s ❧❛✇s ❛♥❞ ❝♦♠♣♦s✐t✐♦♥ ♦❢

tr❛♥s❢♦r♠❛t✐♦♥s

■♥ s✉♠♠❛r②✱ t❤❡ ❣r♦✉♣ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s t❤❛t ❧❡❛✈❡ ❝❧❛ss✐❝❛❧ ♠❡❝❤❛♥✐❝s ✐♥✈❛r✐❛♥t ❛r❡
s♣❧✐t ✐♥ t✇♦ t②♣❡s✿

✶✳ ❯♣ t♦ ❧✐♥❡❛r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ tr❛♥s❧❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠

t′ = t0 + t ✭✶✸✮

~r′ = ~r + ~r0 + ~v0t ⇔
x′ = x+ x0 + vx

0
t

y′ = y + y0 + v
y
0
t

z′ = z + z0 + vz
0
t

✭✶✹✮

✹



✷✳ ❈♦♥st❛♥t r♦t❛t✐♦♥s
~r′ = R.~r ✭✶✺✮

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ s✉❝❤ tr❛♥s❢♦r♠❛t✐♦♥s ✐s ❛❧s♦ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢
t❤❡ s❛♠❡ t②♣❡✳

✶✳✶✳✹ ❚❤❡ ❣r♦✉♣ ♦❢ r♦t❛t✐♦♥s

❆ ❝♦♥✈❡♥✐❡♥t ✭❛♥❞ ✐♥ ❢❛❝t r✐❣♦r♦✉s✮ ✇❛② ♦❢ t❤✐♥❦✐♥❣ ❛❜♦✉t t❤❡ r♦t❛t✐♦♥ ❣r♦✉♣✱ ✐s ✐♥
t❡r♠s ♦❢ s❝❛❧❛r ♣r♦❞✉❝ts ❜❡t✇❡❡♥ ✈❡❝t♦rs✳ ❚✇♦ ❡ss❡♥t✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ r♦t❛t✐♦♥s ❛r❡✿

❼ ❚❤❡② ❧❡❛✈❡ t❤❡ ❧❡♥❣t❤ ♦❢ ✈❡❝t♦rs ✐♥✈❛r✐❛♥t✱ t❤❛t ✐s✱ ✐❢ ✇❡ ❛♣♣❧② ❛ r♦t❛t✐♦♥ t♦ ❛
✈❡❝t♦r✱ ✐ts ♥♦r♠ st❛②s t❤❡ s❛♠❡

❼ ❚❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ ✈❡❝t♦rs ❛❧s♦ st❛②s ✐♥✈❛r✐❛♥t

❇♦t❤ ♣r♦♣❡rt✐❡s ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❜❡t✇❡❡♥ ✈❡❝t♦rs✳ ❙♦ ✐t ✐s ♥❛t✉r❛❧ t♦
❞❡✜♥❡ r♦t❛t✐♦♥s ❛s t❤♦s❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s ✇❤✐❝❤ ❧❡❛✈❡ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❜❡t✇❡❡♥
✈❡❝t♦rs ✐♥✈❛r✐❛♥t✳ ❚❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❜❡t✇❡❡♥ ✈❡❝t♦rs ~r ❡ ~w ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥
♠❛tr✐① ♥♦t❛t✐♦♥ ❛s t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ ❛ r♦✇ ❛♥❞ ❛ ❝♦❧✉♠♥ ✈❡❝t♦r

~r · ~w → rTw = (rx, ry, rz)





wx

wy

wz





■❢ ♦♥❡ ❞❡✜♥❡s ❛ r♦t❛t✐♦♥ ♠❛tr✐① R ❛❝t✐♥❣ ♦♥ ❛ ✈❡❝t♦r w ✐♥ ❢r❛♠❡ O✱ r❡t✉r♥✐♥❣ ❛ ✈❡❝t♦r
w′ ✐♥ t❤❡ r♦t❛t❡❞ ❢r❛♠❡ O′✱ t❤❡♥

w′ = Rw .

■♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♠❡❛♥s t❤❛t t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❜❡t✇❡❡♥ ❛♥② t✇♦ ✈❡❝t♦rs
✐♥ ❢r❛♠❡ O ✐s ❡q✉❛❧ t♦ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ r♦t❛t❡❞ ✈❡❝t♦rs ✐♥ ❢r❛♠❡ O′✱ ✐✳❡✳

r′Tw′ = rTw .

✭■♥ s♣❡❝✐❛❧ r❡❧❛t✐✈✐t② ✇❡ ✇✐❧❧ ❛❧s♦ ❞❡✜♥❡ ❛ s♣❛❝❡✲t✐♠❡ s❝❛❧❛r ♣r♦❞✉❝t✮✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐✲
t✐♦♥ ♦❢ r♦t❛t✐♦♥s ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡

(Rr)TRw = rTw

rTRT
Rw = rTw

❚❤✉s✱ ❢♦r t❤❡ s❝❛❧❛r ♣r♦❞✉❝t t♦ ❜❡ ✐♥✈❛r✐❛♥t ❢♦r ❛♥② t✇♦ ✈❡❝t♦rs ✇❡ ♥❡❡❞

R
T
R = 1

❛♥❞ t❤❡ r♦t❛t✐♦♥ ♠❛tr✐① ✐s s❛✐❞ ♦rt❤♦❣♦♥❛❧✳ ❆♥♦t❤❡r ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② t♦
❡①❝❧✉❞❡ r❡✢❡❝t✐♦♥s ✭✇❤✐❝❤ ❛r❡ ❛❧s♦ ♦rt❤♦❣♦♥❛❧ ❜✉t ✐♥✈❡rt t❤❡ ❛①❡s✮ ✐s detR = 1✳ ◆♦t❡
t❤❛t ❢r♦♠ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥s ❛❜♦✈❡ ♦♥❡ s❤♦✇s

(detR)2 = 1 ⇒ detR = ±1 ✭✶✻✮

✺



❚❤❡ ♣♦s✐t✐✈❡ s✐❣♥ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ r♦t❛t✐♦♥s ❛♥❞ t❤❡ ♥❡❣❛t✐✈❡ t♦ r❡✢❡❝t✐♦♥s✳ ❋♦r
✐♥st❛♥❝❡✱ ❛ r♦t❛t✐♦♥ ♠❛tr✐① ♦♥ t❤❡ xy ♣❧❛♥❡ ✐s ❣✐✈❡♥ ❜②

R =





cos θ − sin θ 0
sin θ cos θ 0
0 0 1



 .

❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ r❡✢❡❝t✐♦♥ ♠❛tr✐① ✇❤✐❝❤ ✐♥✈❡rts t❤❡ x ❛①✐s ✐s

Inv =





−1 0 0
0 1 0
0 0 1





✻















✷ ❙♣❡❝✐❛❧ r❡❧❛t✐✈✐t②

■♥ t❤❡ ❧❛st s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❧❛✇s ♦❢ ◆❡✇t♦♥✐❛♥ r❡❧❛t✐✈✐t②
❜❡t✇❡❡♥ ✐♥❡rt✐❛❧ ❢r❛♠❡s ❛r❡ ✐♥❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ▼❛①✇❡❧❧✬s t❤❡♦r② ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ❡❧❡❝✲
tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ✐♥ ✈❛❝✉✉♠ ❛s t♦ ❞❡s❝r✐❜❡ ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥✳ ❲❡ ❤❛✈❡ ❛❧s♦ s❡❡♥ ✐♥
♣❛rt✐❝✉❧❛r✱ t❤❛t ✐♥t❡r❢❡r♦♠❡t❡r ❡①♣❡r✐♠❡♥ts ✇❤✐❝❤ ♠❡❛s✉r❡ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♠♣❧② t❤❛t
✐t ♠✉st ❜❡ ❛ ❝♦♥st❛♥t r❡❣❛r❞❧❡ss ♦❢ t❤❡ r❡❧❛t✐✈❡ ♠♦t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ❛♥❞ ♦❜s❡r✈❡r✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❧❛✇s t❤❛t ♣r❡s❡r✈❡ ◆❡✇t♦♥✬s ❡q✉❛t✐♦♥s✱ ❝♦♥t❛✐♥
❛♥ ✐♠♣♦rt❛♥t ♣r✐♥❝✐♣❧❡✱ ✇❤✐❝❤ ✐s t❤❛t t❤❡ ❧❛✇s ♦❢ ♠❡❝❤❛♥✐❝s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
r❡❧❛t✐✈❡ ♠♦t✐♦♥ ❜❡t✇❡❡♥ ✐♥❡rt✐❛❧ ❢r❛♠❡s✳ ❚❤✐s ♣r✐♥❝✐♣❧❡ ✐s ❝❛❧❧❡❞ ●❛❧✐❧❡♦✬s ♣r✐♥❝✐♣❧❡ ❛♥❞
✐s ♣r❡s❡r✈❡❞ ✐♥ s♣❡❝✐❛❧ r❡❧❛t✐✈✐t②✳ ❙♣❡❝✐❛❧ r❡❧❛t✐✈✐t②✱ ✜♥❞s ❛ ✇❛② t♦ r❡❝♦♥❝✐❧❡ t❤✐s ♣r✐♥❝✐♣❧❡
✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✭❛♥❞ t♦ s♦♠❡ ❡①t❡♥t t❤❡♦r❡t✐❝❛❧✮ ❢❛❝t✱ t❤❛t t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♥
✈❛❝✉✉♠ ✐s ❛ ❝♦♥st❛♥t✳

P♦st✉❧❛t❡ ✶ ✲ Pr✐♥❝✐♣❧❡ ♦❢ ❘❡❧❛t✐✈✐t② ❚❤❡ ❧❛✇s ♦❢ P❤②s✐❝s ✭▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱
▼❡❝❤❛♥✐❝s ❡q✉❛t✐♦♥s✱ ♣❛rt✐❝❧❡ P❤②s✐❝s ❡q✉❛t✐♦♥s✱ ❡t❝✳✳✳✮ ❛r❡ t❤❡ s❛♠❡ ✐♥ ❛❧❧ ✐♥❡rt✐❛❧
❢r❛♠❡s ✭✇✐t❤ ❛ r❡❧❛t✐✈❡ ✈❡❧♦❝✐t②✮✳

❚❤✐s ♣♦st✉❧❛t❡ ✐s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s
❛r❡ t❤❡ s❛♠❡ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ r❡❧❛t✐✈❡ ♠♦t✐♦♥ ❜❡t✇❡❡♥ s♦✉r❝❡ ❛♥❞ ♦❜s❡r✈❡r✳ ❍♦✇✲
❡✈❡r✱ t❤✐s s♦♠❡❤♦✇ ❝❧❛s❤❡s ✇✐t❤ t❤❡ ●❛❧✐❧❡❛♥ tr❛♥s❢♦r♠❛t✐♦♥s s✐♥❝❡ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t
❞♦❡s ♥♦t ❣❡t tr❛♥s❢♦r♠❡❞ ❜❡t✇❡❡♥ ✐♥❡rt✐❛❧ ❢r❛♠❡s ❛s ❝♦♥✜r♠❡❞ ❜② t❤❡ ▼✐❝❤❡❧s♦♥ ▼♦r❧❡②
❡①♣❡r✐♠❡♥t✳ ❚❤✐s ✇✐❧❧ ✐♠♣❧② t❤❛t ✇❡ ♥❡❡❞ t♦ ❝❤❛♥❣❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❧❛✇s ❜❡t✇❡❡♥
✐♥❡rt✐❛❧ ❢r❛♠❡s✱ ✉s✐♥❣ ❧✐❣❤t ❛s ❛ ❣✉✐❞❡✱ ❛♥❞ t❤❡ ❧❛✇s ♦❢ ▼❡❝❤❛♥✐❝s ❛s ✇❡❧❧✳

P♦st✉❧❛t❡ ✷ ✲ ❈♦♥st❛♥❝② ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ❚❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♥ ✈❛❝✉✉♠ ✐s
t❤❡ s❛♠❡ ✐♥ ❛❧❧ ✐♥❡rt✐❛❧ ❢r❛♠❡s✳

❚❤✐s ✐s ❛❧s♦ ♦❜✈✐♦✉s❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✳ ❚❤♦s❡ ❡q✉❛t✐♦♥s ❛r❡ ❛❝✲
t✉❛❧❧② ❛❧r❡❛❞② r❡❧❛t✐✈✐st✱ ❛❢t❡r ❝❧♦s❡ ✐♥s♣❡❝t✐♦♥✱ s♦ ✐t s❤♦✉❧❞ ♥♦t ❜❡ s✉r♣r✐s✐♥❣ ❛ ♣♦st❡r✐♦r✐
t❤❛t ❛❧❧ ❝❧✉❡s ❢♦r s♣❡❝✐❛❧ r❡❧❛t✐✈✐t②✱ ❝❛♠❡ ❢r♦♠ s✉❝❤ t❤❡♦r②✳

✷✳✶ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥s

❚♦ r❡❝♦♥❝✐❧❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❧❛✇s ❜❡t✇❡❡♥ ✐♥❡rt✐❛❧ ❢r❛♠❡s✱ ✇✐t❤ t❤❡ ♣♦st✉❧❛t❡s ✐♥ t❤❡
✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❧✐❣❤t✳ ▲❡t ✉s ❝♦♥s✐❞❡r✿

❼ ❆ r❡❢❡r❡♥❝❡ ❢r❛♠❡ O ❛t r❡st✱ ✐♥ ✇❤✐❝❤ ❛ s♣❤❡r✐❝❛❧ ❧✐❣❤t ✇❛✈❡ ✐s ❡♠✐tt❡❞ ❛t t✐♠❡
t = 0 ❜② ❛ ♣♦✐♥t ❧✐❦❡ s♦✉r❝❡ ❛t t❤❡ ♦r✐❣✐♥✱

❼ ❛ ✉♥✐❢♦r♠❧② ♠♦✈✐♥❣ s♦✉r❝❡ ✭❢r❛♠❡ O′✮ ❛❧♦♥❣ t❤❡ x ❛①✐s✱ ✇✐t❤ ✈❡❧♦❝✐t② v✱ ❛♥❞ t❤❛t
s✉❝❤ s♦✉r❝❡ ❛❧s♦ ❡♠✐ts ❛ s♣❤❡r✐❝❛❧ ❧✐❣❤t ✇❛✈❡ t = 0✱ ✇❤❡♥ ✐ts ♦r✐❣✐♥ ❝♦✐♥❝✐❞❡s ✇✐t❤
t❤❡ s♦✉r❝❡ ❛t r❡st ✭O = O′ ❛t t = 0✮✳

❆❝❝♦r❞✐♥❣ t♦ ♣♦st✉❧❛t❡ ✷✱ t❤❡ ✇❛✈❡ ♠✉st ♣r♦♣❛❣❛t❡ ❛t s♣❡❡❞ c ✐♥ ❜♦t❤ ❢r❛♠❡s✳ ❚❤❡
♣♦s✐t✐♦♥ ♦❢ ✇❛✈❡ ❢r♦♥t Σ ✐♥ t❤❡ ❢r❛♠❡ ❛t r❡st ✭❋✐❣✳ ✸✮ ❢♦r t > 0 ❛❢t❡r ❜❡✐♥❣ ❡♠✐tt❡❞✱ ✐s

✼



❋✐❣✉r❡ ✸✿ ❲❛✈❡ ❢r♦♥ts ❛❝❝♦r❞✐♥❣ t♦ ❛ ●❛❧✐❧❡❛♥ tr❛♥s❢♦r♠❛t✐♦♥✳ ✭❡①tr❛❝t❡❞ ❢r♦♠
❙t❡♣❤❛♥✐✱ ❍❀ ❘❡❧❛t✐✈✐t②✮

❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛ s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s R = cT ✱ t❤❛t ✐s

x2 + y2 + z2 = c2t2 . ✭✶✼✮

❚❤❡ ✇❛✈❡ ❢r♦♥t ✐♥ t❤❡ ♠♦✈✐♥❣ ❢r❛♠❡ Σ′ ♦❜❡②s t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ✐s s✉❝❤ ❢r❛♠❡ ✇✐t❤
♣r✐♠❡❞ ❝♦♦r❞✐♥❛t❡s✳ ❯s✐♥❣ ❛ ●❛❧✐❧❡❛♥ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t

x′ = x− vt ✭✶✽✮

y′ = y ✭✶✾✮

z′ = z ✭✷✵✮

❛♥❞ ✇❡ ✇♦✉❧❞ ♦❜t❛✐♥ ✐♥st❡❛❞

(x− vT )2 + y2 + z2 = c2t2 . ✭✷✶✮

❈❧❡❛r❧②✱ ✇✐t❤ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥✱ t❤❡ s❡❝♦♥❞ ✇❛✈❡ ❢r♦♥t ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ✜rst
♦♥❡ ✭Σ 6= Σ′✮✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ✐♥ ❝♦♥✢✐❝t ✇✐t❤ t❤❡ ✜rst ♣♦st✉❧❛t❡✱ s✐♥❝❡ t❤❡ t✇♦ ❧✐❣❤t
♣✉❧s❡s ✇❡r❡ ❡♠✐tt❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ❢r♦♠ t❤❡ s❛♠❡ ♣♦✐♥t✱ s♦ t❤❡✐r ♣r♦♣❛❣❛t✐♦♥ ✭✐✳❡✳ t❤❡
❛ss♦❝✐❛t❡❞ ❧❛✇ ♦❢ P❤②s✐❝s✮ ❝❛♥♥♦t ❞❡♣❡♥❞ ♦♥ r❡❧❛t✐✈❡ ♠♦t✐♦♥✳ ❚❤✐s s❤♦✇s✿

❼ ⇒ ❚❤❡ ♥❡❡❞ t♦ ❝❤❛♥❣❡ t❤❡ ❝♦♥❝❡♣t ♦❢ s✐♠✉❧t❛♥❡♦✉s ❡✈❡♥ts ❜② ❝❤❛♥❣✐♥❣ t❤❡ tr❛♥s✲
❢♦r♠❛t✐♦♥ ❧❛✇s ❜❡t✇❡❡♥ ✐♥❡rt✐❛❧ ❢r❛♠❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❧❛✇s ♦❢ ♠❡❝❤❛♥✐❝s
✇✐❧❧ ❛❧s♦ ❜❡ ❝❤❛♥❣❡❞ ❛s t♦ ❜❡❝♦♠❡ r❡❧❛t✐✈✐st✐❝✳

✽






